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Problem 1. 3.3.3

Solution:
Since x(u, v) = ((R + r cosu) cos v, (R + r cosu) sin v, r sin u),

then h(u) = R + r cosu, g(u) = r sin u, and h′(u) = −r sin u, h′′(u) = −r cosu, g′(u) = r cosu, g′′(u) =
−r sin u.

Thus by the formula of Gauss curvature,

K =r cosu(−r sin u(−r sin u)− (−r cosu)(r cosu))
(R + r cosu)(r2 cos2 u+ r2 sin2 u)2

= r cosu(r2)
(R + r cosu)(r4)

= cosu
r(R + r cosu) .

Moreover, since the maximum K occur at u = 0,

Kmax = 1
r(R + r) .

And the minimum K occur at u = π,
Kmin = − 1

r(R− r) .

Problem 2. 3.3.6

Solution:
Since x(u, v) = (u, c cosh(u

c
) sin v, c cosh(u

c
) cos v),

then h(u) = c cosh(u
c
), g(u) = u,
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and h′(u) = sinh(u
c
), h′′(u) = 1

c
cosh(u

c
), g′(u) = 1, g′′(u) = 0.

Thus by the formula of Gauss curvature,

σ =
√

sinh2(u
c

) + 1 = cosh(u
c

).

and
kπ = 1

c cosh2(u
c
)
,

kµ = 1
cosh3(u

c
)

(
sinh(u

c
)(0)− 1

c
cosh(u

c
)
)

=− 1
c cosh2(u

c
)

=− kπ.

Thus K = kπkµ = − 1
c2 cosh4(u

c
)
, and H = kπ + kµ = 0.

Problem 3. 3.4.5

Solution:
Part a:

− 1
2
√
EG

(
∂

∂v

(
Ev√
EG

)
+ ∂

∂u

(
Gu√
EG

))

=− 1
2
√
EG

(
Evv√
EG

+ Ev

(
−1

2(EG)−3/2(EvG+ EGv)
)

+ Guu√
EG

+Gu(−
1
2(EG)−3/2(EuG+ EGu))

)

=− 1
2

(
Evv
EG
− 1

2
Ev(EvG+ EGv)

E2G2 + Guu

EG
− 1

2
Gu(EuG+ EGu)

E2G2

)
. (1)

Now check RHS,

RHS =EuGuG− 2EvvEG+ EvGvE + EvEvG− 2GuuEG+G2
u

4E2G2 . (2)

see (1)=(2).

Part b: Since F = 0,

using the Prop 1 in lecture we have:[
Γuuu Γuuv Γuvv
Γvuu Γvuv Γvvv

]
=
[

1
E

0
0 1

G

] [
1
2Eu

1
2Ev −

1
2Gu

−1
2Ev

1
2Gu

1
2Gv

]

=1
2

[
Eu

E
Ev

E
−Gu

E

−Ev

G
Gu

G
Gv

G

]
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Again, apply the Prop 2 in lecture,

K = 1
E

((Γvuu)v − (Γvuv)u + ΓuuuΓvuv + ΓvuuΓvvv − ΓuuvΓvuu − ΓvuvΓvvu)

= 1
E

((
−Ev2G

)
v
−
(
Gu

2G

)
u

+
(
Eu
2E

)(
Gu

2G

)
+
(
−Ev2G

)(
Gv

2G

)
−
(
Ev
2E

)(
−Ev2G

)
−
(
Gu

2G

)(
Gu

2G

))
= 1
E

((
−Ev2G

)
v

+
(
−Gu

2G

)
u

+ EuGu

4EG −
EvGv

4G2 + EvEv
4EG −

GuGu

4G2

)
=RHS.

Hence
K = − 1

2
√
EG

(
∂

∂v

(
Ev√
EG

)
+ ∂

∂u

(
Gu√
EG

))
.
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