Nonuniform Thickness and Weighted Distance

Oguz C. Durumeric

ABSTRACT. Nonuniform tubular neighborhoods of curves in R™ are studied
by using weighted distance functions and generalizing the normal exponential
map. Different notions of injectivity radii are introduced to investigate singular
but injective exponential maps. A generalization of the thickness formula is
obtained for nonuniform thickness. All singularities within almost injectivity
radius are classified by the Horizontal Collapsing Property. Examples are
provided to show the distinction between the different types of injectivity radii,
as well as showing that the standard differentiable injectivity radius fails to be
upper semicontinuous on a singular set of weight functions.

1. Introduction

The uniform thickness of a knotted curve is the radius of the largest tubular
neighborhood around the curve without intersections of the normal discs. This is
also known as the normal injectivity radius IR of the normal exponential map of
the curve K in the Euclidean space R™. The ideal knots are the embeddings of S!
into R3, maximizing IR in a fixed isotopy (knot) class of fixed length. As noted
in [13], “...the average shape of knotted polymeric chains in thermal equilibrium is
closely related to the ideal representation of the corresponding knot type”. Uniform
thickness has been studied extensively in several articles including [1] G. Buck and
J. Simon, [2] J. Cantarella, R. B. Kusner, and J. M. Sullivan, [5] Y. Diao, [7, 8,
9] O. C. Durumeric, [10] O. Gonzales and R. de La Llave, [11] O. Gonzales and
H. Maddocks, [13] V. Katrich, J. Bendar, D. Michoud, R.G. Scharein, J. Dubochet
and A. Stasiak, [14] A. Litherland, J. Simon, O. Durumeric and E. Rawdon, and
[16] A. Nabutovsky. The following thickness formula was obtained earlier in [14] in
the smooth case, and in [2] for C1! curves in R3.

UNIFORM THICKNESS FORMULA [7, Theorem 1]

For every complete smooth Riemannian manifold M™ and every compact C1!

submanifold K* (0K =0) of M,
1
IR(K, M) = min{FocRad(K), §DC'SD(K)}.
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FIGURE 1. A non-uniform pgr-neighborhood is shown as a union of
balls of radii 71(s) centered at (s) on the core .

Gonzales and Maddocks [11, p. 4771] obtained that a smooth ideal knot can
be partitioned into arcs of constant (maximal) global curvature and line segments.
This result was later generalized to all ! knots and links by the author in [8].

For an arbitrary embedding of a knot, FocRad(K) = (sup £)~! may be small
due to large (local) curvature x in a small part of the curve. Y. Diao, C. Ernst and
E. J. Janse Van Rensburg studied two different families of thicknesses, T, and t.
generalizing Ty = tg = IR in [4]. Their main idea was to generalize the notions of
the normal injectivity radius and the global radius of curvature by excluding certain
open neighborhoods of the diagonal of K x K. This allows the possibility of the
intersections of the normal discs at points which are very close to each other along
K, in T for € > 0, and reducing the effects of high curvature along small parts of a
curve on its thickness. “These radii capture a balanced view between the geometric
and the topological properties of these curves” [4, Abstract]. Our approach and
results are quite different from [4]. We study a nonuniform thickness functional
which allows a nonuniform distribution of the strength of forces along a curve in
the Euclidean space. This model can help us to understand the differences in the
shape (curvature) of a large nonuniform polymer at various points, when it is in
an ideal configuration. We study the focal points, their relation to the local shape
and the weight function, and the intersection behavior of the normal (spherical)
discs close to the main diagonal in contrast to [4]. As a consequence, we are able to
obtain results of geometric rigidity such as Theorem 2. Another point of difference
is that we generalize the notion of thickness by allowing smooth variance instead of
truncation. Although our proofs are of different in nature from [4], one unexpected
observation is that Horizontal Collapsing Property of Theorem 2 implies that (our)
almost injectivity radius AIR, and the maximum thickness t,, of [4] satisfy that
AIR < t,,, provided that one adjusts t,, for the nonuniform setting.

In this article, we study a ball-model to describe nonuniform thickness. Most
of the results of this article are true for surfaces or submanifolds of R", but the
results about the focal points are qualitative and the proofs are detailed. In order
to have explicit expressions for the behavior and location of the singular (focal)
points, and to be able to obtain the rigidity in Theorem 2, we concentrate on the
curves in the Euclidean space. Even though our motivation comes from examples
in R3, all results are stated and proved in R™ since our proofs are independent of
the dimension of the ambient space, and they do not simplify for n = 2, 3. In our
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model, a curve K is a union of finitely many disjoint closed curves and it is furnished
with a weight function p : K — (0, 00). The nonuniform R—tubular neighborhood
O(K, uR) is the union of metric balls of radius Ru(q) centered at each ¢ € K. As
R increases, the size of these balls increase at fixed rate at each point, but the rate
differs from point to point of K. This model is different from the disc-model which
allows the growth of the normal discs at different rates. One of the reasons that
we chose to investigate the ball-model is that the physical forces, such as electrical
and magnetic forces have effects in every direction rather than being restricted to

chosen planes. Furthermore, the ball-model can be investigated more thoroughly,
llp—all

] ) wa) - ]

We study the problem by using distance function methods from Riemann-

ian geometry. Throughout the article, we use the squared p—distance functions
lp — $||2 wu(z)~2. We define the generalized exponential function exp”(q, Rv) = p

since there is a natural potential function, mingex

to insure that ¢ is a critical point of the restriction of ||p — z||* u(z)~2 to K. The
image exp”(NK,) is going to be a sphere normal to K at ¢ (with radius depending
on p where g/ # 0) or a plane (only where ¢/ = 0) normal to K at ¢, where NK|,
denotes the set of vectors normal to K at q.

Even though there are many parallel results to the standard case (u = 1), we
also observed many contrasting cases which never occur in the standard case. In
the standard case, the focal points occur at points p = exp(q, Rv) where the first
and the second derivatives of the restriction of E,(z) = ||p — z||* to K are zero at
q. The second derivatives become negative immediately after the focal points as
R increases. Therefore, a line normal to K is never minimizing the distance to K
past a focal point, and the exponential map can not be injective past a focal point.
This is not always the case for nonconstant u. First of all, exp#(q, Rv) is not always
a line for a fixed point ¢ and a normal vector v. Since there is a quadratic term
R;(,uz)” in the second derivative of the restriction of F,(z) = ||p — z|* u(z)~2 to
K, points p with zero second derivatives can be isolated away from the set of points
with negative second derivatives, see Proposition 2. As a result, there are some
cases with an exponential map which is a homeomorphism within the injectivity
radius but not a diffeomorphism. In other words, the injectivity radius can be
strictly larger than the p—distance to first focal points. As a consequence, we need
to modify the notion of injectivity radius.
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FIGURE 3. Some curves of type exp”(y(s;),tN(s;)) for —r < t <r
and for some choices s; are shown in the balls of radius ru(s;) and
with center y(s;), where IV is the normal of y C R?. Note the bending
direction and the curvature of the exponential curves in the balls of
radius pr.

DEFINITION 1. Let K be a union of finitely many disjoint simple smoothly
closed curves in R", i : K — (0,00) be a C? function, and gradu(q) be the gradient
of p. Let NK be the normal bundle of K in R™.

Define exp! : W — R™ by

exp (¢, w) = ¢ — u(q) ||w|* gradp(q) + n(q) \/1 — |lgradp(q)|I* [Jw]*w

1
where W ={w € NK, : ¢ € K and |Jw|| < Tgradm@l when || gradu(q)|| # 0}.

@l

Let v be a parametrization of K locally with respect to arclength s. We use
a standard abuse of notation u(s) = u(y(s)). We can take the (intrinsic) gradient
gradu(y(s)) = 1/ (s)y'(s), since p is defined only on K which is one dimensional,
see Definition 6 and Remark 1 for justifications. Hence, we can rewrite exp* as
follows.

expt(Y(s), w) = y(s) = ()’ ()7 () [[w]|* + () 1 = (' () [Jw]])
DEFINITION 2. Let D(r) = {(¢,w) € NK : g € K and ||w| < r}.
i. The differentiable injectivity radius DIR(K, p) is

sup{r : exp" restricted to D(r) is a diffeomorphism onto its image}
ii. The topological injectivity radius TIR(K, 1) is

sup{r : exp" restricted to D(r) is a homeomorphism onto its image}

iti. The almost injectivity radius AIR(K, p) is
and 7 exp” : U(r) — Uy(r) is a homeomorphism where U(r) is an open
P and dense subset of D(r), and Uy(r) is an open subset of R™.
Observe that r < TTR(K, p) is equivalent to that for all p € O(K, ur) there
exists a unique minimum of ||p — z|* u(z)"2 : K — R, i. e. there is a unique

pu—closest point of K to p. There are examples in R" showing that DIR(K, ) <
TIR(K,p) and TIR(K, ) < AIR(K,u) in every dimension n > 2, see section
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5. In the g = 1 case, the injectivity radius functional is upper semicontinuous in
the C! topology. As a consequence, thickest/tight/ideal knots and links exist for
w=1,see [2], [7], [8], [10], and [16]. There are examples in R™ with nonconstant
showing that DIR(K, u) and TIR(K, ) are not upper semicontinuous, see Section
5. Hence, the existence of thickest/tight/ideal knots and links in DIR (or TIR)
sense is not guaranteed in general.

In order to study the different notions of injectivity radius for the nonuniform
(K, ), we generalize the notion of double critical self distance, introduce two lev-
els for the focal radius, FocRad®(K,u) and FocRad™ (K, p), and the upper and
lower radii LR(K, p) and UR(K, p). These definitions are given immediately after
Theorem 1. FocRad™ and FocRad® are not necessarily equal in general, due to cer-
tain ”even” multiplicity zeroes of yi” 4+ 2x?p = 0. This difference allows interesting
examples mentioned above, which do not occur in the o =1 case.

THEOREM 1. Let K be a union of finitely many disjoint simple smoothly closed
(possibly linked or knotted) curves in R™, and p : K — (0,00) be a C? function.
Then, one has the following:

i. LR(K,p) = DIR(K, p) < TIR(K, n) < AIR(K, ) = UR(K, p).

it. For a fized choice of embedding K C R™, LR(K,u) = UR(K, u) holds for
w in an open and dense subset of C3(K, (0,00)) in the C3— topology.

iii. Let {(K;,p;) 11 =1,2,...} be a sequence where each K; is a disjoint union
of finitely many simple smoothly closed curves in R™ with C? weight functions, and
similarly for (Ko, po). If (Ki, i) — (Ko, o) in C? topology, then

limsupATR(K;, p;) < AIR(Koq, pio)-

DEFINITION 3. A pair of points (q1,q2) € K X K is called a double critical pair

for (K, p), if 1 # q2 and gradX(q1,q2) = 0, where ¥ : K x K — R is defined by

¥(q1,92) = g1 — Q2||2 () + plga)) 2.

By taking parametrizations v1,v2 of K locally with respect to arclength s, and
2 _ iy
o(s,t) = [71(s) = 2O (u(11()) + u(y2(t) =2 : (See Definition 6.)
grad3(q1,q2) = 0 < Vo(sy,s2) =0, where ¢; = v;(s;) fori=1,2.
Double critical self u—distance of (K, ) is defined as
1 : llg1 — g2l . .. .
—DCSD(K, ) = min ¢ ———— : (q1,q2) is a double critical pair for (K, .
7POSD(, ) =min{ L v .

DEFINITION 4. If K is connected, by using a unit speed parametrization y(s) :
R — K, such that (s + L) = vy(s) where L is the length of K, u(s) = u(y(s)), and
the curvature k(s) of y(s), one defines FocRad’ (K, ) to be

-3
max{ %(MQ)H + %HQ/B RV (/‘// + iHQN) : } ,

max where " + 1k >0

max{\,u’|2 : s € Domain(v)
FocRad™ (K, u) is defined similarly by using the following expression instead:
-4
supd 21"+ 3R+ (0 + gtp) s L
max where (" + k% >0 .
max{\,u’|2 : s € Domain(v)
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FIGURE 4. A 3-dimensional version of Figure 2. This shows some
spherical caps of type exp*(NK, N D(r)) normal to K, in the pr-
neighborhood, for some choices of ¢ on K. See Proposition 1.

If K has several components K;, i = 1,2, ...,i, then FocRad’(K, i) is the mini-
mum of FocRad®(K;, ) for i =1,2,...ig, and FocRad~ (K, 1) is the minimum of
FocRad™ (K;, ) fori=1,2,...i9. The lower and upper radii are defined as follows:

LR(K, ;i) = min <;DCSD(K, 1), FocRad’ (K, u)>
UR(K, p) = min (;DCSD(K, w), FocRad™ (K, u)) .

If 4 = 1, then FocRad®(K,1) = FocRad~(K,1) = (maxx) '. Lemma 2
provides us the characterization of DCSD in terms of the angles that the line
segment g7 gz makes with K at ¢; and g2, generalizing the usual definition of DC'SD
of the standard case where p = 1 and line segment g1gz is perpendicular to K at
both ¢; and g¢s.

We studied the properties of the singular exp” maps within UR(K, u). The-
orem 2 classifies all collapsing type singularities. If the injectivity of exp” fails
within UR(K, p) radius, that is if two distinct points of D(UR(K, u)) are identi-
fied by exp*, then a curve of constant height in D(UR(K, u)) joining the identified
points collapses to the same point under exp”. Figure 5 shows the unique way the
injectivity of exp# fails within UR(K, i), up to rescaling and isometries of R3.

THEOREM 2. Horizontal Collapsing Property

Let K be a union of finitely many disjoint simple smoothly closed (possibly
linked or knotted) curves in R™, and p : K — (0,00) be a C? function. Assume
that exp” (g1, r1v1) = expt(qga, T2v2) = po for r1, ro < UR(K, ), v; € UNK,, with
(q1,7m1v1) # (g2, 72v2). Then, one has the following:

i. q1 and qo belong to the same component of K, which is denoted by K;.

ii. Let v(s) : R =K1 C R"™ be a unit speed parametrization of Ky such that
v(s+ L) = (s) where L is the length of K1, N,(s) denotes the principal normal of
v, and q; = Y(s;) fori=1,2 with 0 < 51 < so < L. Then, r1 =12, v; = N,(s;) for
i =1,2, and exp”(y(s), "1N,(s)) = po, Vs € I where I = [s1, s3] or [so — L, s1].
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FIGURE 5. The normal exponential map from a portion of a unit
circle with p = cos% in R3, showings some spherical caps of type
exp(NK, N D(r)) normal to K. See Example 1B and Theorem 2.

115. On the interval I, k is a positive constant and all of the following hold:

1
(NI)Q _ NNH ﬁ and ’Y”I + KJZ’)/I =0,
1

2
= — cos (% —l—a) for some a € R.

Therefore, Horizontal Collapsing occurs in a unique way only above arcs of circles
of curvature k and with specific p. v(I) # K1, even if I is chosen to be a mazimal
interval satisfying above.
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As a consequence, we can obtain TTR(K, ;1) in terms of p1, &, and £ DCSD(K, ).
Theorems 2 and 3 give us a complete understanding of the differences between
DIR,TIR and AIR.

THEOREM 3. Let K be a union of finitely many disjoint simple smoothly closed
(possibly linked or knotted) curves in R™. Let v : Domain(y) — K parametrize K
with unit speed and u(s) = p(y(s)). If TIR(K,u) < UR(K, u), then K contains a
circular arc of curvature k and positive length, along which p = % cos (% + a) for
some a € R and r < UR(K, ). In this case, TIR(K, ) is equal to the infimum of
such r.

If K has no such circular arc with a compatible u, that is, the set
s € Domain(y) : (1" + +k%p) (s) =0, and £'(s) = 0 with k(s) > 0, and
Y"(s) 4+ K2(s)Y(s) = 0 and (W)*(s) — pp'"(s) = & € R where r <UR(K, ).

has no interior, then TIR(K, p) = AIR(K,u) = UR(K, ).

The following theorem summarizes the remaining results obtained in the course
of proving the theorems above, the exact structure of the singular set of exp* within
UR(K, i), as well as the structure of the set of regular points.

THEOREM 4. Let K; denote the components of K. Let ~y; : domain(v;) — K; be
an onto parametrization of the component K; with unit speed and p;(s) = p(vi(s)).
Then, the singular set SngN ¥ (K, 1) of exp* within D(UR(K,u)) C NK is a graph
over a portion of K:

SngM (K, p) = U;Sng ™ (K, 1) and

(7i(s), Ri(s)N,,(s)) € NK; where
s € domain(y;), ki(s) >0,
Sng ™ (K, ) = (! + §w71i) (s) = 0, and

1
0< Ri(s) = () = i) ()~ < UR(K, )
where Kk; and N, are the curvature and the principal normal of v;, respectively.

D(UR(K,u)) — SngNE (K, i) is connected in each component of NK, when n > 2.
Let

Sng(K, p) = exp*(Sng™ ™ (K, ),
Ay =exp! (NK,ND(UR(K, p))), and
A = exp! (NKgND(UR(K, 1)) — Sng™V K (K, 1)) -

i. O(K,pUR(K,p)) — Sng(K, 1) has a codimension 1 foliation by A}, which
are (possibly punctured) spherical caps or discs.

ii. exp*(D(UR(K, p)) — Sng"* (K, n)) = O(K, pUR(K, 1)) — Sng(K, ).

iii. If Ag, N Ag, # @ for g1 # g2 then 1 and qo must belong to the same
component of K, and Aq, intersects Aq, tangentially at exvactly one point py =
exph(qr,71v1) = expH(qo, T2v2) where (g;,iv;) € Sng™E (K, ), fori=1,2.

The remaining definitions and notation are given in Section 2. The first and
second order analysis of the p—distance functions, and basic properties of exp* are
studied in Section 3. Section 4 contains the proofs involving DI R and T'IR. Section
5 has several examples shoving the deviation from the standard 4 = 1 case. AIR
and Horizontal Collapsing Property are studied in Section 6 after the examples
which give the motivation for many proofs.
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2. Further Notation and Definitions

We assume that K is a union of finitely many disjoint simple smoothly closed
(possibly linked or knotted) curves in R™. Hence, K is a 1—dimensional compact
submanifold of R™, with finitely many components. All parametrizations v : I —
K are with respect to arclength s and C3, unless it is indicated otherwise. All
p: K — (0,00) are at least C3. For some compactness arguments on a K, we may
take Domain(y) to be a disjoint union of R / Length(K;)Z by considering ~ as
periodic function of period length(K;) on each component K.

NoOTATION 1. TK and NK denote the tangent and normal bundles of K in R™,
respectively. UTK and UNK denote the unit vectors, N K, denotes the set normal
vectors to K at q, and similarly for the others. Forv € TRy = TK, ® NK,, T

and vN denote the tangential and normal components of v to K, respectively. D(r)
denotes {(q,w) € NK : g € K and ||w|| < r}.

NOTATION 2. i. We use the standard distance function d(p,q) = ||p — ¢l in R™.
B(p,r) and B(p,r) denote open and closed metric balls. For A C R", B(A,r) =
{reX:d(z,A) <r}.

it. The unit direction vector from q to p is u(q,p) = ﬁ forp #£q.

DEFINITION 5. Let K C R™ and p: K — (0,00) be given. We define:
i. The pR neighborhood of K, O(K, uR) = U eKB(q,u(q)R),
q
1. Forp e R™,
E,: K =R by Ep(x) = p—z|?,
F,: K —-RbyF,(x)=|p-— ac||2 w(x)~2, the square of the p—distance function
from p,
Fg: K — R by F5(2) = [lp— | (u(z) + )72,
G:R" — R by G(p) = mingex F,(z) so that O(K,uR) = G1([0, R?)), and
2K x K — R by S(x,y) = o —y|* (u(x) + p(y) 72,

NOTATION 3. For a local parametrization v : I — K with respect to arclength

s, we will identify p(s) = p(1(s)), Fy(s) = Fp(v(s)) = llp = 7(s)I” u(+(5)) %, and
similarly for all functions above. We use s € R, and x or g € K to avoid ambiguity.

DEFINITION 6. For a C' function p: K — (0,00), grad uu denotes the intrinsic
gradient field of u, that is the unique vector field tangential to K such that for
every tangent vector v € T K, the directional derivative of i at q in the direction v
along K is v - (grad u) (q). For every C* extensionfi of jn to an open subset of R",
containing q, one has (grad p) (q) = (Vi(q))" where ¥ denotes the usual gradient
in R™ defined by using the partial derivatives in R™. See [17], p. 96. Since K is
one dimensional, one has

(grad 12) (v(s)) = 1/ (7(5))7'(s) = 1’ ()7 (s)
for a parametrization ~ with respect to arclength.

REMARK 1. The last line above is justified by the Chain Rule:

H(s) = L p(r(s) = L 7i(s)) = VHH(8) 7 () = (ViE(s))7 -7 (5)
)y (s).

= (grad p) (v(s)) -



10 OGUZ C. DURUMERIC

REMARK 2. For a given parametrization v of K with respect to arclength,
1 (50), 7" (50)s (1'(50))%, llgradu(a)|| and F}(so) are calculated at q = ~(s0) by
using the given parametrization. However, all of these quantities depend only on
K, and q, but not on the choice of the parametrization with respect to arclength.
Observe that when one reverses the orientation of a parametrization, both u' and
v change signs at q. grad p(q) and ||gradu(q)|| are both well-defined. Although the
sign of p'(q) is ambiguous, depending on the orientation of v, we can use |u' (q)| =
llgradp(q)||. If gradu(q) = 0, then ||gradu(q)|| ™" is taken to be +00. The definitions
giwen in Section 1, exponential map, focal radii, double critical self distance by using
a parametrization, are independent of the choice of the parametrization.

NOTATION 4. For any function f : X =Y and Z C X, f | Z is the restriction
of f to Z.

DEFINITION 7. Lety:1 — K CR"™, pu: K — (0,00), p € R"™ and ¢ = v(sg) €
K be given.
q € CP(p), if q is a critical point of Fy,(x), that is F,(so) =0,
q € CP(p,+), if Fy(s0) = 0 and F}(s0) > 0,
q € CP(p,0), if Fy(s0) =0 and F;/(so) = 0,
q € CP(p,—), if F)(s0) =0 and F}/(so) < 0.

DEFINITION 8. The radius of regularity is

RegRad(K, ;1) = sup{r : exp! restricted to D(r) is a non-singular C* map}.

3. Basic Properties of exp”

REMARK 3. If f(s) = ];3((;)), then by logarithmic differentiation fTI = % — %.

If f'(s0) =0, then %(so) = %(so) and fTN(so) = (%/ - ‘%) (s0)-

NOTATION 5. For g € K and p € R™ — {q} :

a(g,p) = £L(gradu(q),u(q,p)) when gradu(q) # 0, and
a(q,p) = § when gradp(q) = 0.

LEMMA 1. For g € K and p € R™ —{q}, and ¢ € [0, 0),

_llp — gl gradp(q)

q is a critical point of Fy(x) <= u(q,p)’ =

m(q) +c
If q is a critical point of Fy(z), then
P — qll llgradp(q)]| ™
cosa(q,p) = — and hence — < a(q,p) < .
(@) n(q) +c y <oler)

PrOOF. For a given v : I — K with ¢ = v(so), v = 7/(s0), and E(s) =

lp—(s)||*, ome has E'(so) = 2 (p—7(s0)) - (=7'(50)) = 2(p —q) - (~v). It g is a
critical point of Fy5(x), then sg is a critical point of

Fg(v(s)) = llp = v(s)II (u(s) + )72 = E(s)(uls) +¢) %
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By Remark 3:
w _ = ((u(s) +¢ 2)/(50) _ 2(s0)
I —qll b (u(s)) +¢)? 1i(s0) +c
~2ulg) v = lp—all 2 g 2L
u(g,p)-v=—|lp—dl m ‘v
wg,p)T = — Ip u(](|q;]TiH(Q)

This argument is reversible for the converse. The statement for cos a is obvious
when gradu(q) = 0 = u(g,p)”. In the other case, we have the following.

lgradp(q)| cos (g, p) = u(q,p) - gradu(q)
=—|p-dl gradp(q)
w(q) +c

__llp—dllllgradu(q)|
m(q) +c

gradp(q)

‘ 2

PROPOSITION 1. i. p = exp*(q,w) if and only if
q € CP(p), |lp—qll = ||lw|| u(q) and one of the following holds
1. p=gqandw =0, or
N
2.p#4,0< |[w| < |lgradu(@)| ™", ulg,p) # 0 and w = Ldllib o
3. p#4q, [w| = llgradp(q)| " < oo, u(g,p)¥ =0 where
llgradp(q)||w is an arbitrary unit vector in UNK,.
it. If p = exp#(q, Rv) for a unit vector v and R > 0, then

Fo(q) = R? and cos alq,p) = —R||gradu(q)|| = — Hu(q,p)TH and

exph(q, Ro) = 4 4 THOR (COS a4, p) [ Sragaay + sin a(q,p)v) if gradp(q) # 0
q+ p(q)Ru if gradp(q) =0

7ii. exp” : W — R™ is an onto map, where

W ={weNK,:qeK and ||jw|| < |lgradu(q)| ™" when |gradu(q)|| # 0}.

iv. exp” is C1 on the interior of W and the differential d(exp*)(q,0) = u(q)Id.
Consequently, there exists € > 0, such that exp” is a diffeomorphism on {w € NKj :
g € K and ||w|| < e} by the Inverse Function Theorem.

v. If gradp(q) = 0, then exp*(NK,) is an (n — 1)—dimensional plane normal
to K at q. If gradp(q) # 0, then exp"(NK,NW) is an (n —1)—dimensional sphere

normal to K at q, with the radius %% and the center at q — %%.

vi. If gradp(q) # 0, then exp*(NK,NW) N K has at least two distinct points.
Consequently, TIR(K, i) <

1
maxqek || gradu(q)ll

PROOF. i. (=) Assume that p = exp” (g, w) for some w € NK,.
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gradp(q) € TK, and w € NK,.

p—q=—uq) |w|? gradu(q) + ,U(Q)\/l ~ lgradp(q)|* [|w]*w
lp = all = w(q) ||w]|

Hence, p = ¢ if and only if w = 0. In this case, p = ¢ € CP(p) since it is the
absolute minimum of F,, and we obtain (1). Without loss of generality, assume
that p # ¢ and w # 0 at this point.

p—a\ _ wll ara __llp— gl gradp(q)
wl,p)" (”p q”) — |l gradp(q) = L

By Lemma 1, we conclude that ¢ € CP(p).

u(g,p)™ = (H>N = \/1— lgradpu(q)||* [Jw]? H ”

lp—qll

(2) If ||w| < ||gradp(q)||~", then we conclude that u(g, p)N # 0, and consequently,

w (g,
lwll — Ju(g, p)N|
w = o] w(g.p)" _llp—all ule.p)”
lulg, )N wlq) ulg, )]

(3) If ||wl| = llgradps(q)|| ™" then u(g,p) = 0 and p — q = —p(q) |wl|” gradp(q) =
—u(q) |lgradp(q)|| 2 gradpu(q) is independent of the direction of w.

(«<=:) For the converse, assume that ¢ is a critical point of F,(z) for some
p € R™ and ||p — q|| = Ru(q) for some R.

If R =0, then p = ¢ = exp*(q, 0), for the case (1).

Suppose that R > 0. By Lemma 1 for ¢ = 0, one obtains that
lp — all gradp(q) _

1(q)

cosa(q,p) = —R||gradu(q)| = — Hu(q,p)TH > -1

sina(q, p) = \/1 — [lgradu(q)l|* R* = ||u(q,p)"|| -
(2) If sina(q, p) > 0, then one takes w = R% so that R = ||w]|| and

p—q = Ru(q)u(q,p) = Ru(q) (u(g, p)" + u(g, p)")
= —R*u(q)gradu(q) + p(q) |[ulg, p) || w

u(g,p)’ = — —Rgradu(q)

= exp”(q,w) — q.
(3) If sin (g, p) = 0, then cosa(q,p) = —1 = —R||gradu(q)|| -
r_ _ gradp(q)
u(q,p) = u(q,p
(@p) = ula.P) = =gl
gradp(q) 9
p=q+|p—qllulp,q) =q— Rulq)7=———~7 =q— R u(q)gradu(q
| | u(p, q) ( )||gradu(q)\\ (9) (9)

p = exp”(q, Rv),Vv € UNK,
ii. This follows the proof of (i).
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iii. For every p € R", the continuous map F, : K — R must have a minimum
on compact K, and hence it has a critical point ¢ € K. By the construction in (i),
p = exp” (g, w) for some w € NK,, and ||w|| =R < |l gradp(q)|| "

iv. exp(q,w) = g — (o) || gradpla) + pla)y/1 - llgradu(@)? flwl*w is C*
except when ||gradu(q)|| |w|| = 1. For a fixed ¢ € K, v € UNK, and taking w = Ruv,

d
iR expt(q, Rv)| z_q

= % <q — u(q)R*gradp(q) + u(q)\/l — |lgrad u(q)|? R%R)

= p(qv

R=0

v. exp*(NK,) is an (n — 1)—dimensional is a plane normal to K at ¢ when
gradi(q) = 0 by the definition of exp.

Assume that gradu(g) # 0,and choose an arbitrary v € UNK,. For every
p = exp(g, Rv), where 0 < R < ||gradp(q)] ",

lp— qll

cos(m — a(q,p)) = R||gradu(q)|| = e lgradp(q)||
— = 7M(q) COS(TT — &
lp—qll = Toradp (@] ( (a,p))

where u(q) ||gradp(q)]|~" does not depend on p. This is an equation of a semi-circle
in the polar coordinates of the 2-plane passing through ¢ and parallel to gradu(q)
and v, where ¢ is the origin, 0 is angle from — gradp(q) ||gradu(q)||”" turning towards
v, and 7 = ||p — g|| . The radius of the circle is 21(q) |lgradu(q)|| ", the center is at
q— 3p(q)gradpu(q) lgradp(q)|| 2, and the circle is tangent to v at g. Since the center
and the radius depend only on ¢ and not on v, one concludes that exp*(NK,NW)
is an (n — 1)—dimensional sphere normal to K at q.

vi. Intuitively, since K goes into exp”(NK, N W) (an (n — 1)—dimensional
plane sphere in R™) transversally at ¢, it has to come out of it somewhere else. By
using the mod-2 intersection theory [12], page 77, the mod 2 intersection number
of K and exp*(NK,NW) must be zero mod 2, since one can isotope two compact
submanifolds away from each other in R”. Since ¢ € exp*(NK, N W), and the
intersection of K and exp”(NK, N W) is transversal at ¢, the number of points in
K Nexpt(NK,NW) is more than 1. For another point ¢’ € K Nexp*(NK,NW),
and for every open neighborhood U of ¢’ in K with ¢ ¢ U, exp”({(y,w) € NK :
y € U and |lw| < €}) intersects exp”(NK, N W) along an open subset. The
injectivity of exp* must fail strictly before reaching ¢’ and the antipodal point of ¢
in exp"(NK, N W), that is when R = |gradu(q)|| " O

COROLLARY 1. By the proof of Proposition 1 (i), for every p € O(K,uR),
there exists ¢ € K andv € UNK, such that p = expt(q,rv) for somer = \/G(p) <
R. Consequently, exp”(D(R)) = O(K,uR) = G=1([0, R?)), for all R > 0.

LEMMA 2. 4. (q1,92) is a double critical pair for (K, 1) if and only if there exists
R > 0 and p on the line segment joining q1 and ga such that ||p — qi|| = Ru(q;)
and p = exp*(g;, Rv;) with v; € UNK,, fori=1 and 2. Consequently, (¢1,¢2) is a
double critical pair for (K, p) if and only if ¢1, g2 € CP(p) and F(q1) = Fp(g2) > 0.
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it. If (q1,q2) is a double critical pair for (K, p), then fori=1 and 2,

N = a2l llgradp(a)ll _ |lp = aill lgradpu(g)|l _
m(qr) + p(gz) ()

PROOF. Assume that (q1,¢2) is a double critical pair for (K, ) and take R =

%. There exists a unique p on the line segment joining ¢; and g2 such that

llp — ¢:ll = Ru(g;) for i = 1 and 2. Let g be fixed. gradX(z,q2) |z=q, = 0, that is,

2
q1 is a critical point of (%) = F,ﬁ;(%)(x). By Lemma 1,

cos a(g;, p) = —R||gradu(q;)]| -

gy — g gradpu(qy)
() + plgz)
lar — pll gradp(qy)
1(q1)
and consequently g; € CP(p). By Proposition 1, p = exp*(q1, Rvy) for some v, €
UNK,, . The qo case is similar. This argument is reversible for the converse. The
second statement of (i) and (ii) are straightforward by using Lemma 1. O

U(th)T = U(Ql, (J2)T =

= —Rgradu(q1) = —

LEMMA 3. Let A,B,C € R with A,B >0, f(t) = 1— $Ct* — At\/1 — Bt?
fort eI, where I = [O,%] if B> 0, and I =[0,00) if B =0.
i. Equation (3.1) has no solution when § + ATz —B2<00rA=C=0:

1
(3.1) 1— 50152 —AtV1—-B2t2=0 fort € I.

Assume A% + C? £ 0 and % + AT2 — B2 > 0 for the rest of the lemma.

1. % + A; > 0, and % + A; > A\/% + AT? — B2, where the equality occurs if

and only if B=C =0 < A.
iti. Equation (3.1), f(t) =0 has at most 2 solutions on I, and they are in the
form tf{ or ty when they exist:

C A C A2 o
£ _ _ 2
2 <2+21A 5+ B) .

Both t§ and t; are the solutions of (3.1) unless B = C =0 (t; = oo ¢ R).
ty = % if and only if 2B? = C # 0. Also, tgt = % if and only if 2B? = C # 0 = A.
w. f'(t) =0 has at most one solution on (0, %).
v. f B=C=0<A, thent{ = % is the only solution of (3.1),
and f(t) <0< tf <t.
vi. If % —+ ATQ — B2 =0, then t§ =ty is the only solution of (3.1),
and f(t) >0, for all t # tJ.
vig. If % + AT2 — B% >0 and B% + C? # 0 then both tg' <ty are the solutions
of (3.1), and f(t) <0 <=t <t <tg.

PROOF. Squaring both sides of 1 — 1Ct? = At\/1 — B%2 gives a quadratic
equation in #2, and then solve for u = 1/t>. For (iv), substitute ¢ = % sin@. The
rest is elementary and long. O
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FIGURE 6. An example of the graph of the singular set in the domain
of exp* along the principal normal direction N of a curve 7y of positive
curvature is shown, as indicated in Proposition 2 and 5(ii). It is as-
sumed that DCSD is larger than 2FocRad™ in this example in order
to indicate exact values of ATR, TIR, and DIR. The second derivative
of the squared weighted distance function ||p — x||2 Ju?(z) is 0 along
the singular set, and its signs at nearby points are indicated. Type (1)
is the most common behavior, it is the only possibility when p is suf-
ficiently close to a constant, and it is the graph of 1/k when p = 1.
The ”positive to negative and then back to positive” behavior shown
in (2) occurs in Figure 8 (see Example 3), and Figure 11 (see Example
6). (3) depicts the Horizontal Collapsing Property, as in Figure 7 (see
Example 1A) and Figure 5 (Example 1B). (5) is a ”fake” focal point
around which the p-exponential map is a local homeomorphism but not
a local diffeomorphism, as in Figure 10, (see Example 4).

PROPOSITION 2. Let a local parametrization vy : I — K with respect to arclength
s be given, k(s) denote the curvature of K at v(s), u(s) = u(y(s)) : I — R™, and
q = (s0)-

i. If p=exp”(q, Rv) for some R € (0, ||gradu(q)| ") and v € UNK,, then

2

Fy(50) = s (1= wloo) Rustso)y/ 1 = larad(so)* R o 5~ -2 (o)

1% (50)

where 8 = £(7" (s0),u(q, p)Y) when both vectors are non-zero, and 3 = 0 otherwise.

ii. Let ¢ and v € UNK, be fized, and R vary. For p(R) = exp*(q, Rv), the

sign of % FP(R)(S)|5:50 behaves in only one of the following four manners, and in
all cases g € CP(q,+) at R =0:
a. VR, g € CP(p(R),+)
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b. ARy > 0, such that

C’P(p(R),—I—) if Re€ (0,Ry)
qE{ ((R)v ) ZfR:Rl

CP(p(R),—) if R € (Ry,|gradu(q)| ")
c. ARy > Ry > 0 such that

{ CP(p(R),+) if R € (0,Ry) U (Ry, ||gradu(q)||”")
qeE CP(p( )0) if R=Ry or Ry
CP(p(R),—) if R € (R, Ry)

d. dR; > 0 such that

¢ [ CP(R),+) if R# By
1= CP(pR).0) ifR=R,

PROOF. i. To simplify the calculations, set E(s) = ||p — y(s)||* so that Fo(s) =
E(s)p(s)2. Since p = exp#(g, Rv), we already know that F)(so) = 0 and ||p — q|| =
Ru(q) by Proposition 1(i). +"(so) = k(s0)Ny(so) where £(s) is the curvature of

v(s) in the ambient space R"™, and N,(s ) is the principal normal of «(s) when

k(s) > 0. When x(s) = 0, we will write v"(s) = k(s)N,(s) = 0 although N,(s) is
not defined. Since s is the arclength, v"(so) € NK,. Let 3 = £(7"(s0),u(q,p)™)
when both vectors are non-zero, otherwise take 3 = 0.

v"(s0) - (p—q) =" (s0) - u(g, p) llp — qll =" (s0) - (g, p) I — ql|
= r(s0) cos B ||lu(q,p)™|| llp — qll

= K(s0) cos /1 — [ gradpu(q)||” R2Ru(s0)

E'(s) =2(p—7(s) - (= (s))
E"(s) =29/(s) () + 2(p = ¥(s)) - (=7"(5))
E//( ) 2[ ( ) ’}//(80)]

Fs0) = Fon) (5 = L2 (s

E
_lp—al <2 1-(—q) 7"(s0)]  W?" (so)>
#(s0) o — all 2

_ 2 Z lp — q||2 9
= M2(30) <1 - (So) . (p, q) _ m(“2) (30)>

2 " R2 2\
= 12(s50) (1 —7"(s0) - (p—q) — 7(/1 ) (80))

? 2 p2 Rr? 2\
= 12 (50) (1 — K(SO)RM(SO)\/l — |lgradu(so)||” R? cos B — 7(# ) (So)>

ii. Observe that F}/(sg) > 0 for small R > 0, and the expression for F}/(so) is
continuous in R, and it has at most two roots by Lemma 3. (]
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DEFINITION 9. For one variable functions u € C?, and k € C°, define:

A( 71 2\ 1227 N2 __ " iz
ko) = 5 (W0)" 4 gt = ()" = p (W7 +

1 1
Ak, ) = 5 ()" + 5707 + K/ Ak, p)
2 2
Observe that A(k,p) = $ + 4 — B and A(k,p) = S+ 4 + A %JrA{ — B2,
if A= kp, B=|y| and C = (u?)", see Lemma 3.

PROPOSITION 3. i. Let K be connected, with a given (onto) parametrization
v : Domain(y) — K, with respect to arclength s, k(s) denote the curvature of K at
(), p(s) = u(y(s)) : Domain(y) — RY, and q = v(so). If the set

{R € [O, Hgmd,u(q)”fl) :Jv € UNK,, p = exp”(q, Rv) and F}/(s9) = 0}

is not empty, then its infimum is A(k, p)(so) 2.

1. {s € Domain(y) : p" + %2/1 > O} #* .

ii. Both FocRad®(K,u) and FocRad™ (K, ) € Rt are positive (finite) real
numbers.

w. If K has more than one component, then all of the above hold for each
component, and the zero-focal radius of the union is the minimum zero-focal radii

of all components.

Proor. i. For fixed ¢ € K and R, and varying v € UNK,, the expression
for F}/(so) in Proposition 2 is minimal for 3 = 0. If x(sg) > 0, then the minimum
occurs when vy = N, (so), and py = exp*(q, Ruvg). If k(so) = 0, then F}'(s¢) does
not depend on cos . Hence, for all v € UNK,,, and p = exp*(q, Rv):

R2

Fy(s0) = Fy,(s0) = 1- H(So)Ru(SO)\/l — |lgradp(so)||* R? — 2(u2)”(50)>

ol
1 (so)
Assume that there is a solution of F}/(sg) = 0 with R € |0, Hgmd,u(q)H_l) . In
Lemma 3, if the smaller positive solution tg' exists, then ta' decreases as A =

#(80)(s0) cos 3 increases to £(so)p(so). The smallest solution of R for F}/ (so) =0
is A(k, 1) (s0)~ %, by Definition 9 and Lemma 3.

unless p is constant. Also, there exists so € Domain(y) so that k,(s2) > 0, in
the case of constant u. Hence, there exists s; (for either ¢ = 1 or 2) such that
Ak, p1)(s;) = p (ﬂ” + %zu) (s;) > 0. Hence {s € Domain(7y) : A(k, p)(s) > 0} is a
non-empty compact subset of Domain(vy), and the maximum of A(k, i) is attained.
This maximum must be positive by Lemma 3(ii). Although |1/(s)] ™" > A(k, u)(s)
where A(s) > 0, it is possible that maximum of |u/(s)| to occur where A(s) < 0.
The proof for FocRad™ (K, ut) is similar, since A(k, ) is bounded.

iv. This follows Definition 4. ]

4. DIR and TIR

Lemma 4.i is a well known result for p = 1, see [6] or [3] for example.



18 OGUZ C. DURUMERIC

LEMMA 4. (Recall that F,(x) = ||p — z||? (@) "2 and G(p) = mingex Fy(z).)

i. Given p € R"and q € K such that G(p) = F,(q) = R*> > 0 so that
p = exp”(q, Rv) where v € UN,. Yw € UTRy; such that u(p, q) -w > 0, there exists
n > 0 such that Vt € (0,n), G(p + tw) < R2.

it. If G is differentiable at p, then VG(p) = c1u(q,p) for some ¢y > Ap=all > o

n?(q)
and VG (p) = cou(q,p) for some ¢y > ( 5 > 0.

PRrOOF. Let £(u(p,q),w) =0 < 7.
i. By a simple acute triangle argument in R", for all small ¢ > 0 :

2
p—q p+tw—gq
||u2(CJ)| > 12(q) L Z Wi Fp i (r) = Gp + tw)

ii. Vw € UTR; such that u(p,q) - w = cos > 0, and for all small ¢t > 0, (by
the Law of Cosines)

R*=G(p) =

lp—all>  |p+tw—ql>  2t|p— gl cosd — >
G(p) —Gp+tw) > — =
) = & ) 12 (q) 12(q) ©2(q)

12(q) (=VG(p)) - w = 2|[p — qf cosf > 0

Therefore, VG(p) points in the direction of u(q,p) = —u(p, q).

||VG(p)22|lf;(:]f|
VVG = \1ﬁ
1
ol = ot

O

DIR(K, ) = min (§ DCSD(K, 1), RegRad (K, 1)) in Proposition 5, generalizes
a proposition in [3, p. 95] or [6, p. 274], about the injectivity radius of the standard
exponential map exp,, from a point p in a Riemannian manifold for y =1 to our
case of nonconstant p in R". Their proofs use the local invertibility of exp, where
it is non-singular. However, our proofs must follow an altered course. Geodesics are
not minimizing past focal points in the p = 1 case where DIR(K,1) = TIR(K,1).
Hence, exp! fails to be injective past first focal point(s). For general u, we have
examples with RegRad(K,pn) < TIR(K,p), that is exp” is injective past some
focal points (Example 4), and it is possible to have DIR(K,u) = LR(K,pu) <
TIR(K,p) < UR(K,u) (Examples 2, 4 and 5). The approach of the proof of
Proposition 4 about TIR is in essence similar to the proofs in [3, p. 95], or [6, p.
274]. However, we use the positivity of the second derivatives instead of regularity
of the exponential map. We discuss the relation of singular points and zeroes of
the second derivatives to understand the relation of DIR with TIR.

PROPOSITION 4. i. If R =TIR(K, ), then either R = $DCSD(K, ) or there
exists ¢ € K and p € R™ such that ||p — q|| = Ru(q) and g € CP(p,0).
ii. LR(K,p) < TIR(K,p) <UR(K, p).

PROOF. First, we prove the second inequality of (ii):
Claim 1. TIR(K, 1) < FocRad™ (K, p).
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Suppose that FocRad™ (K, ) < TIR(K, pt). Then, there exists p = exp*(q1,v1)
such that FocRad™ (K, u) < |lv1|| < TIR(K, 1) and 1 € CP(p, —). F}/(s1) <0 for
v:I— K CR" with ¢; = ~(s1) € K. F,, can not attain its minimum at ¢;. Conse-
quently, 3gs € K —{g1} such that F,(q2) = G(p) = mingex Fp(x) < Fy(q1) = |1
and ¢a € CP(p). By Proposition 1, p = exp* (g2, v2) for some vy € NK,, such that
[v2]]* = Fp(q2) < lo1]*> < TIR(K, p)?. This implies that exp” restricted to D(r)
is not injective for all r with ||v1]] < r < TIR(K, p) which contradicts with the
definition of T'TR. This proves Claim 1.

By Lemma 2, if {q1, g2} is a critical pair, then there exists p on the line segment
joining ¢; and ¢o such that ||p — ;|| = Ru(g;) and p = exp#(q;, Rv;) for some
v; € UNK,, for i = 1 and 2, and injectivity of exp” fails on D(R + ¢),Ve > 0.
Hence,

(4.1) TIR(K,p) < min (;DCSD(K, w), FocRad™ (K, ,u)) =UR(K, p).

The rest of (ii) is proved after (i).

(i) Since, d(exp*(q,v))y=0 = p(g)Id, and K is compact, there exists ro > 0, such
that exp* restricted to D(rg) is a diffeomorphism. Let R = sup{r : exp* restricted
to D(r) is injective}. exp” : D(R) — O(K, pR) is injective, since exp*(qi,w1) =
expt(ge, we) with max(|lwy]|, ||ws|]) < R would imply that max(||w||, ||ws]]) <
for some r < R. exp” : D(r) — O(K, pr) is a homeomorphism onto its image
Vr < R, since it is continuous and injective on a compact domain. The map
exp” : D(r) — O(K, ur) is onto by Corollary 1, and an open map into R", since
O(K, ur) is an open subset of R", Vr < R. Hence, exp* : D(R) — O(K,uR) is
continuous, open and injective, and therefore a homeomorphism. It follows that
R =TIR(K,u). Vm € NT_ injectivity of exp* fails on D(R + %)7 and there exist
distinct (Y, vm), (Zm, W) € D(R+ ) such that exp/ (ym, vm) = exp (zm, W) =
Tm € R", |lup|| < R+ and ||wy, || < R+2. If both [|v,,|| < R and |jwy,|| < R were
true simultaneously, exp# restricted to D(r) would not be injective for some r < R.
So, we can assume that ||v,,| > R,Vm. By compactness, there exist convergent
subsequences (use index j instead of m;) y; — yo, v; — vo € NK,, "W, z; — 2
and w; — wo € NK,, N W as j — oo, such that exp”(yo, vo) = exp*(zo, wo) = p.

[voll = lim [jv; || = R and_ [[wo|| = lim [[w;|| < R

Suppose that ||wg] < R. We showed that exp* : D(R) — O(K, uR) is a homeomor-
phism onto an open subset of R™. Observe that exp*(yop,tvg) is a curve starting
at yo, going to p at the boundary of exp#(D(R)), and p = exp* (2o, wg) which is an
interior point of exp#(D(R)). This leads to a contradiction. Hence,

[woll = [lvoll = R.

Let v : Domain(y) — K be a parametrization with respect to arclength such
that yo = v(so) and zo = y(to).

Case 1. If yo € CP(p,0) or zg € CP(p,0), then the proof of (i) is finished.
We also have FocRad’(K,p) < TIR(K, p1) in this case.

Case 2. If yo € CP(p, —), that is F}/(sp) < 0, then it would still be true that
F(s0) < 0 for p’ = exp”(yo, (1 — €)vp) for some e > 0. This would imply that
FocRad™ (K, ) < (1 —¢e)R < R which contradicts Claim 1. Hence, yo ¢ CP(p,—)
and zo ¢ CP(p,—).
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Case 3. yo = z0 € CP(p,+) and vy = wo.

ey > 0 with I = [sg — €1, S0 + €1] such that
Vz € B(p,e1), Vs € I, F!(s) > 0.

Jeq € (0,e1) with Iy = [sg — €2, 80 + 2] C I; and 36 > 0 such that
i. Vs €I —{so}, Fy(s) > F,(sp) = R? and
ii. Vs € Oy, F,(s) > (R+06)°.

O min p
3

oY) > jo, Ile; — pl| < min ( ) Ly €A(12) and 25 € 7(Iy)

Vs € 0ly and Vj > jg :
0 min y 26

Iv(s) = 2l = Iv(s) = pll = llp = 23] = p(s)(R+6) - > u(s)(R+ =)
hence, F,(s) > (R+ 2;)

v] > j07

0 min g 0
oo = 2511 < o = ol + = 5] < oo+ 2524 < ) (4 5

Fy (s0) < (R ¥ g)

The minima of F,, restricted to Iz are attained in the interior of I3,Vj > jo. The
function F;,(s) has interior strict local minima at both y; and z; by the choice
of €5. We chose (y;,v;) # (zj,w;) initially. The case of y; = z; with v; # w;
and exp”(y;,v;) = exp’(z;, w;) implies that [Jv;l| = [lw;]| = [lgrad u(y)| ™" >
TIR(K, 1) by Proposition 1(ii, vi). There exist j1 > jo such that Vj > ji, y; # ;.
For otherwise, one would obtain R = |jvo|| = ||wol| = |lgrad pu(yo)|| ™" > TIR(K, 1)
which is not the case. There must be a local maximum of F,,(s) between y; and
z; at an interior point of v(Iy), which contradicts with the choice of £,. Case 3 can
not occur.

Case 4. yo = 29 and vg # wo. The injectivity of exp" | (NK,, N W) can only
fail at ||vo|| = ||lwo|| = |lgradu(yo)|| ", Proposition 1(ii). However, ||gradu(yo)||” " >
R =TIR(K, ) by Proposition 1(vi). Case 4 can not occur.

Case 5. yo # z9 with yo € CP(p,+) and zg € CP(p,+). Recall yo = v(so)
and zg = v(to).

Claim 2. u(p,yo) = —u(p, 20)-

There exists €1 > €3 > 0 and § > 0 (as in Case 3) with I; = [sg — &;, S0 + €]
and J; = [to — €;,to + &;] for i = 1, 2 such that

i, A(1) NA(h) = 2,

il. Vo € B(p,e1) and Vs € I; U Jy, F)/(s) > 0,

iii. Vs € Io — {so}, Fy(s) > F,(s0) = R? and Vs € Jo — {to}, Fp(s) > Fy(to) =
R?, and

iv. Vs € Oly, Fp(s) > (R+6)” and Vs € 8.y, Fy(s) > (R+6)>.
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Suppose that u(p, yo) # —u(p, 20). There exists w € UTR}, with u(p, yo) w >0
and u(p, z0) - w > 0. As in the proof of Lemma 4, there exists € (0,6 min u) such
that the point p; = p + nw satisfies that

0 < lyo —p1ll < llyo — pll = Ru(yo)
0 < |lzo — p1ll < llz0 — pll = Ru(z0)

Vs € 015,
[7(s) = pll = (R+0)u(s)

17(s) = pull = llv(s) = pll = llp — pul
> (R+6)u(s) —dminp
> Ru(s)

Fpi(s) = R?

Fyy (50) = llyo — 1| (o) ™2 < R

The minimum of F),, restricted to I is attained at g1 = ~y(s(,) with s; € interior(lz)
and Fj,, (¢1) < R?%. In fact, ¢; is unique (see the very end of Case 3). Similarly, there
exists g2 = Y(t() with t{, € interior(.Js) such that F, (g2) = min (F}, | J2) < R?.
Clearly, ¢1 # go. p1 = exp*(q1, Riu1) = exp”(qa, Rous), for some u; € UNK,, and
R; < R, for i = 1,2. This would imply that exp* is not injective on D(r) for some
r < R = TIR(K, u), which contradicts the definition of TTR. This concludes the
proof of Claim 2, u(p,yo) = —u(p, z0).

We have three colinear points yo, p, 20, where yo and zg are both in C'P(p)

and R = % = %. By Lemma 2, {yo,20} is a critical pair for (K, u) and

R > %DCSD(K, w). By (4.1), R=TIR(K,u) = %DCS’D(K7 ). This finishes all
cases for (i).

ii. Summarizing all the cases, we have either FocRad®(K,u) < TIR(K,p) in
Case 1, or TIR(K, p) = $DCSD(K, p1) in Case 5.

1
LR(K,u) = min (2DCSD(K, ), FocRad" (K, u)) <TIR(K, ).

O

LEMMA 5. Let v(s) : I — K be a parametrization of K with respect to ar-
clength, v(s) : I — UNK be C' with v(s) € UNK, 5 and R € RT be such that
(v(s), Ru(s)) € interior(W) for |s — so| < €, n(s) = exp”(y(s), Rv(s)), ¢ = v(so0)
and p =n(sg). Then,

/ 1oy - H2(s0) d® _ #%(50)
1 (s0) -7 (s0) = =575 Fp(h(9)loy, = By (50)

3 s 2 3 s
' (s0) - (n(s0) — ¢(s0)) = ‘fﬂ ((S[:))) 58 Fp(v(s))ls—s, = fu’((s(;)) F)(s0)

provided that in the second equality one has p'(s) # 0 and ¢(s) = y(s) — ”(()) v (s)

to be the center of the n — 1 dimensional sphere containing exp’(N K. s NW).

PRroOF. By the definition of exp* and grad p, and proof of Proposition 2(i):

n="— ' R* + pRy/1 - (W R)*v
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1 ’
Ny =y = B =y = SR ()

ny =) =0y

(4.2) WA =14 (=)o = SR ()
W (s0) (50) = 1= (p— ) 7" (s0) = 31 (12)" (s0)
2 s 2 s 2
(1.3 = 100 gy = O e,

For the second part, assume that p'(s) # 0 locally.

n=7— ' R* + pR\/1— (WR)*v

SN
Ut

(4.4) n-n—cy=n-v (—uu’R2 + M,) +n' v (uR\/ 1— (u’R)z)

2p
Byv-Y=v-v" =0, =v-v=1, and the proof of Proposition 2(i):

nv= <’y — ' R%Y + uRmv)/ v
(4.5) n'v=—pp' R*" v+ (”Rm)/
(s ) =) =5 o (- o))

(4.6) = pp' R? — (u () + u2u’u”) R*
By the proof of Proposition 1(i) and 7" (s) € NK):

Y (=) =" ulv,n)Ru=+""-u(y,n)" R

(4.7) V' (=) =" v|ul(y. )| Bp=+" - vRu\/1 - (WR)?

By combining (4.5), (4.6), (4.7) and using (4.2) in the last step:

n'-v (uR\/ 1-— (M’R)2> =

!
= uRy\/1 - (/R) (—uu’sz” o+ (uR\/ 1- (u’R)2> )
= —pup/'R? (uR\/ 1- (M'R)2> v v+ ' R? — (M ()* + /fu'u”) R*

2
= —pp' R*y" - (n =) + ' R? — ! ((u’) + uu”) R*
1
= ' B? (1 —" (=)~ 5 R (uz)”)

(48)  =puu'R*(n )
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By combining (4.4), (4.8) and using (4.3) in the last step:
- (n—c)= ( uuRz+;;> (' -~') + ' R? ()
= 2% (" 9"

S S 2 S
(50) (o) — cls0)) = e (50) 7' (50) = e L ()
- MS(SO) ar
() P

O

PROPOSITION 5. Let K be a union of finitely many disjoint simple smoothly
closed curves in R™, and p : K — (0,00) be given.

i. expt restricted to the normal plane NK,Nint(W) is non-singular, for each
g € K. expt is singular at the boundary of W where the spheres exp*(NK, NW)
close up at the antipodal of q.

it. Let (q,w) be an interior point of W, exp*(q,w) = p, v : I — K be a
parametrization of K with respect to arclength and ¢ = v(so).

2

expt is singular at (¢, w) if and only if % Fp(v(8))] 4=y, =0

iti. (Recall Definition 8 of RegRad in Section 2.)
RegRad(K, 1) = FocRad® (K, j1)

1
DIR(K,u) = LR(K, 1) = min <2DC'SD(K, i), RegRad (K, u))

PROOF. i. For a fixed ¢, by Proposition 1(ii):

g+ (@R (cos a(R)”g%m + sin a(R)v) if gradu(q) #0

exp”(q, Rv) =
(0.1t { q+ p(q)Rv if gradp(q) =0

where cosa(R) = —R||gradu(q)|| and sina(R) = \/1 — (R || gradpu(q)|)>.

If gradp(q) = 0, exp” restricted to NK|, is a dilation and translation, and it is
non-singular along NK,. If gradu(q) # 0, for each fixed v € UNK,, exp*(q, Rv)
follows the great circles of the sphere exp”(NK, N W) starting at ¢ with non-zero
speed until ¢ = expt(q,v ||gmd,u(q)||71) and exp# is non-singular along NK,; N
int(W). However, ¢ = exp”(q,v||gradu(q)|| ") for all v € UNK,, the sphere
exp"(NK, N W) closes up at ¢’, the antipodal of ¢g. Hence, exp” is singular along
NEK,NOW.

ii. Case 1. p/(sg) # 0.

Assume that exp” is singular at (¢, w) where exp#(q,
There exists a regular curve 3(t) in NK, such that 3(to) =
singular at t = to. 3(t) = (F(t), R(t)v(t)) for v(t) € UNK~
directions can not be tangential to NK,, and 0 # 7} 9 (to) i’sy fl:( o). Hence, one
can reparametrize G(t) = B(s) = (y(s), R(s)v(s)), with respect to the arclength
s of v for |s — sg| < €, and s(tp) = so, and still have a regular curve 3(s) such
that exp”(B(s)) = exp”(y(s), R(s)v(s)) is singular at s = so. The curve p(R) =

p, (q,w) € int(W).
w) a 1(16)1 exph(B(t)) is

the singular

w) =
(4,
7 ()
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exp*((so), Rv(sg)) lies on the sphere exp”(INK, N W) with center c(sg) and it is

normal to the radial vectors from the center. The curve 7(s) = exp*(y(s), R(so)v(s))
satisfies Lemma 5(ii), and p = n(so) = ¢(R(so))-

0= L expi(B(s))l,_,

ds
= i PO BNy + 1| o Glo0) R0 e
0= 11 exp"(3(50), Bo(30)) ey ((R(50)) — e(s0)
0= L exp(1(5), Rlso)o(5))] o, - (1(50) — els0)
3 S
= D s0) - (m(s0) — efs)) = 20 ey

ds 4u/'(sg) P
This finishes the proof of (=) in Case 1.

Assume that F}(so) = 0 where exp’(q,w) = p, and (g, w) € int(W). Consider
n(s) = exp”(7(s), Ru(s)) where v(s) : I — UNK be C' with v(s) € UNK,() and
R € R be such that (y(s), Rv(s)) € interior(W) for |s — so| < &, and w = Rv(so).

3 S
0= :u’((;))) F!(s0) = 1'(50) - (n(s0) — c(s0))

The non-zero vector (v'(so), Rv'(s¢)) is not tangential to N K, Nint(W). n'(so)
is either zero or it is normal to the radial vector n(sg) — ¢(sp). Therefore, n'(sg) is
tangent to the n — 1 dimensional sphere S =exp”(NK, NW) at p.

d(exp”)(q,w) : T(NK)(guw) = T(NKg)w ®R~R" - TR} =TS, ® R~ R"

d(exp”)(q, w)|T(NKy)w : T(NKy)w — TS, is an isomorphism by (i)
(7'(s0), RV'(50)) € T(NK) (g,u)
(7' (s0), Rv'(s0)) ¢ T(NKq)w
d(exp") (g, w)((7(s0), Rv'(s0))) = 1 (s0) € TS

d(exp”)(q,w) : T(NK)(gw) = R" — TR} ® R" is not one-to one.

Therefore, exp* is singular at (g, w) to conclude the proof of (<) in Case 1.

Case 2. 1/(sg) = 0. The proof is essentially the same as in Case 1 by replacing
all “ (n(so) — c(s0))” with “~'(s0)” , since exp* (N K,) is an n—1 dimensional plane
through q = 7(30) normal to 7'(sp), and one uses the first equation of Lemma 5,
1 (s0) 7' (s0) = 512 (s0)F}/ (s0) instead of the second equation.

iii. RegRad(K,n) = FocRad’(K,u) immediately follows (ii) and the defini-
tions. Combining Proposition 4, definitions of DIR(K, ), TIR(K, ), LR(K, 1)
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and UR(K, p) :

LR(K,u) <T 1) SUR(K, p)

ITR(K
LR(K,p) = mln( DCSD(K, ), FocRad’ (K, u))
UR(K, ) —m1n< DCSD(K, ), FocRad™ (K, ))

DIR(K, i) < TIR(K, p) < §DCSD(K, 1)
DIR(K, jt) < RegRad (K, 1) = FocRad’ (K, )

1
DIR(K,u) < min <2DC'SD(K7 i), RegRad (K, u))

For all 0 < r < min (%DCSD(K, 1), RegRad (K, u)) < TIR(K, ), exp* restricted
to D(r) is a homeomorphism onto an open subset O(K, ur) of R™ by the proof of
Proposition 4(i), it is C! and non-singular, by Proposition 1. exp* restricted to
D(r) is a diffeomorphism, for all 0 < r < min (3 DCSD(K, ), RegRad(K, 1)), by
the Inverse Function Theorem.

1
DIR(K,u) = min (2DC'SD(K7 u), RegRad (K, ,u))

1
= min (2DCS’D(K7 ), FocRad" (K, u)) = LR(K,p)
(]

LEMMA 6. LR(K,pn) = UR(K, p) holds for u on an open and dense subset of
C3(K, (0,00)) in the C®— topology, for a fized choice of embedding K C R".

Proor. For simplicity, we will assume that K has one component. For a given
onto parametrization v : domain(y) = R/(lengthK)Z — K, that is given k(s),

define X, = {u € C3(K,(0,0)):0is a regular value of p/’ + ”—2;1} This condi-

tion is equivalent to ”the graph of u” + £ ,u intersects s axis transverbally at
every point of intersection” and it implies that {s (u + /-@ u) = O} is a sub-
set of the closure of {s: (1" + 2x2p) (s) <0} to conclude that FocRadO(K W) =

FocRad™ (K, ). X, is an open subset, since it is defined by an open condition,
regularity. X, is dense in C3(K,(0,00)), if we prove that for every given i,
we have u. = p — epp in X, for almost all small |e], for a fixed and appropri-
ate choice of pg. k can not be zero everywhere, since K is compact. Choose
w1 : domain(y) — (0,00) such that pf(s) > 0 on a proper open subinterval
of domain(vy), containing the points where k(s) = 0. Choose ey >0 sufﬁciently
large so that pop = p1 + ¢1 satisfies that ug + %2;;0 = pf + 5 ,u1 + e > 0.
Let f = (p"+ 2k2p) (ug + %/432#0)71 : domain(y) — R. By Proposmon 3(ii),
w4+ ’%42/1 < 0,Vs is not possible. If u” + %u > 0,Vs, then p € X, which is
open, and the proof is done. If p” + %zu > 0,Vs is not true, then f is not con-
stant, and range(f) = [a,b] with a < 0 < b. By Sard’s Theorem [15], for al-
most all € € range(f), € is a regular value of f (that is f(s) = ¢ and f/(s) = 0
have no common roots). Consequently, for the same ¢, 0 is a regular value of
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y(9)=(coss, Sin 9)

\s\
H(9 =cos—
2

FIGURE 7. 7(s) = (cos s,sins) and yi(s) = cos 5. This figure depicts
the Horizontal Collapsing Property in dimension 2.

p! + 2% = p" + 262 — e (pf + 2K2p0). Hence, p. is in X, for almost all small
E. (]

5. Examples

We will use the pointwise focal radii for (s) and p(s) in the examples:
FocRad®(y(s), u(s)) = A(r, )(s) ™2 if Ak, p)(s) >0, and |1/ (s)| " otherwise.
FocRad™ (y(s), u(s)) = A(r, 1) (s) "2 if Ak, p)(s) > 0, and |/ (s)| " otherwise.

EXAMPLE 1. A. Figure 7. Let v(s) = (coss,sins) : (—%,%2) =K C S! C R?
and p(s) = cos 5. K is the half of S* with x > 0. For all s,

1
A, p) = p <u" + 4u) =0

S02) it =1

A, 2 1

FocRad" (K,
’ —1

) =
) =

FocRad™ (K, i) = inf |/ (s)|~ 1=inf2‘sin§ =22
)

FocRad"(K, p) < FocRad™ (K, )
Since pi'(0) = 0, exp*(NK(1,0)) is the x — axis. For s # 0, exp"(NK, 5 N W) is

a circle of radius ‘2’;,‘ = ’cot% g;‘f = (=1, cot %) For s # 0,

all expt-circles are tangent to x — axis at (—1,0), and all intersecting S* perpen-
dicularly at both points of intersection. For all s, exp*(v(s),2(— coss, —sins)) =
(—1,0). Hence, exp* is singular and not injective along the R = 2 curve in NK.
However, exp* is still injective for R > 2. This type of singularity does not occur
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for (u=1)-exponential map in which case after the first focal point the exponential
map s not injective.

B. Figure 5. Let v(s) = (coss,sins,0,...,0) : [a,b] =K C Ei;3 C R" and
p(s) = cosy, where E1p is the 2— plane with x; = 0 for i > 3 and [a,b] C
(=7/2,7/2). exp*(NK1,0,.0)) is the xo = O hyperplane, and all the spheres con-
taining exp"(NK,NW) have centers on E12 and exp”(NK,NW)NE12 are the cir-
cles discussed in part A. Consequently, all exp"(NK,NW) are tangent to the plane
exp’(NK1,..0)) at (—1,0,0,..,0). The horizontal collapsing, exp"(y(s), 2N, (s)) =
(—1,0,0,..,0) is the only singularity, since v and ~" being parallel to E1o implies
that the singular set Sng(K, u) C E19 by Proposition 8 of Section 6.

EXAMPLE 2. The open arc of Example 1A can be extended to a simple closed
curve with an appropriate p to obtain erxamples with TIR < UR. Let Cy be the
unit circle centered at the origin. Given a small € > 0, let qf = (cose,sine) € Cq
and q; = (cose, —sine). Let L™ and L™ be the tangent lines to Cy at qfr and q; ,
respectively. Given a large ¢, take q; € LT so that the line segment between ql+
and qgr has length £ and the y— coordinate q; is larger than of qf. Take g5 € L™
in a symmetric manner with respect to the x—axis. Let Csy be the circle tangent to
L* at ¢ and to L™ at q, . Consider the continuously differentiable closed convex
curve 3y which is a concatenation of C1 between q; and qf‘, LT between qf‘ and q3 ,
Cy between q;' and g5 , and L™ between q, and q; . Let v be the smooth closed
curve which is the same as ¥ outside small (0 < § K €) §—neighborhoods Uii of qii,
such that the curvature is strictly monotone on each Uii, and vy is symmetric with
respect to the x—axis. Parametrize v(s) with the domain [—A, A], v(0) = (1,0),
arclength s, and take K = v([—A, A]).

We will construct p so that p(—s) = p(s). Let p = cos 5 for |s| < 2e. For
small e > 0, u(2e) =~ 1 — %, 1 (2e) = —%, and p"(22) = —3 (1 — %) . By taking

{ sufficiently large, one can extend p smoothly to [0, A] so that 5t < p" < &,

—e<u <0, and i < <1 over[2e/{], and p =co > i on [¢—1, A]. Observe that
v(€) is on LT before qF , and |i'| < & on all of [ A, A].

On [0,e — 8] : A(k,u) = 0, Ak, ) = %, FocRad’(y(s),pu(s)) = 2, and
1< 1/ (s)|”" = FocRad™ (v(s), u(s)). Moreover, for all s € [0,e — 8], (—1,0) =
exp(y(s),2(— cos s, —sin s)). Hence, exp! is singular and not injective along the
R =2 curve in NK and TIR(K, pu) < 2.

On (e — 6,6 +0) : Ak, p) = p(p" + $K2p) <0, since k is decreasing from 1

to 0, and p = cos §. Hence, FocRad’(v(s), u(s)) = FocRad™(v(s), u(s)) > L.

On [e+6,0], k = 0. Hence, Ak, p) = 5(p?)" = pp” + (W)? < x+er < & to
conclude that FocRad®(y(s), u(s)) = FocRad™ (y(s), u(s)) > 4. Observe that when
pp! + (1)? < 0, both pointwise radii are equal to |u/(s)] ™"

On[l—1,A], u=co. Ak,p) = F"zc% , Ak, 1) = K%c2 and FocRad®(v(s), u(s))
= FocRad ™ (y(s), u(s)) > %2 where Ry is the radius of Cs.

Owverall, FocRad’(K,p) = 2 controlled by Cy part and FocRad™ (K, u) > 4.
For the double critical points p and q on v, cosa(p,q) = —Rp/(p), and |u'(p)| < e.
By taking € > 0 sufficiently small and £ sufficiently large, one can keep a(p, q) close
to T and 3 DCSD > 5. By Proposition 5(ii):

DIR(K, ) = TIR(K, p) = 2 < 4 < UR(K, p).




28 OGUZ C. DURUMERIC

¥ (9)=(coss sins)

\s\
©(s)=0.1+cos—
2

FIGURE 8. Compare the normal exponential maps from a portion of
the unit circle with p(s) =t +cos § for t = 0.1 and t = —0.1 (Figure
9) with ¢t = 0 (Figure 7). The diagrams also show the curves of type
exp*(v(s),rN(s)) for some choices of 7. Figures 7-9 together show the
instability of DIR under small perturbations.

¥ (9)=(cos s, sin's)

s\
#(9 =01+ 005

FIGURE 9.

EXAMPLE 3. Figures 8 and 9. Lete, £, and u be as in Example 2, and p(s) =
t+p(s) =t +cos 3. For smallt >0, and |s| < e —0, and Kk = 1,

1
Ak, pe) = iy (ui’ + 4ut> >0

Al ) = 5)" + 54 + /Bl ) >
FocRad™ (y(s), pt(s)) = FocRad®(y(s), jut(s)) < 2

B~ =
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On the interval (€ — 6, +6), pp = cos 5, but k starts to decrease to 0 and A becomes

negative. p + k% = p” + 167 (w+t) = 1 (u(s® — 1) + tr?) should have 0 as a

regular value for almost all small t to secure that FocRad~ = FocRad, see the

proof of Lemma 6. The effects of t on the remainder of v and DCSD are small.

Hence, for almost all smallt >0, DIR(K, py) = TIR(K, u) = UR(K, ) < 2.
For smallt <0 and |s| < 2¢:

1
Ak, pe) = e <M2’ + 4112%) <0

FocRad®(y(s), pt(s)) = FocRad™ (y(s), pu(s)) > %

The effects of t on the remainder of v and DCSD are small. For all smallt <0 :
FocRad®(K, pu;) = FocRad™ (K, ji;) > 3
DIR(K, ) = TIR(K, i) = UR(K, ) > 3
We see that TIR and DIR are not upper semicontinuous:
litgér_lfDIR(K, He) = htIEoiI—lfTIR<K’ ue) >3>2=TIR(K,u) = DIR(K, )
nh—{r;o UR(K,pu,) <2 <4 <UR(K,u) for some sequence 0 < t,, — 0.

EXAMPLE 4. Figure 10. Let y(s) = (coss,sins) : R—K C S' ¢ R? and
pu(s) =1-— % for |s| < 1. Observe that 0 < (cos %) — (1 — %) = o(s3) for s #0.

" 1 1 20,2
E —_ J— <
Vs, A(I@M) 1% (M + 1% 2568 (8 8) 0

4
) .
B 1 ifs=0
Vs, A(k,p) = { not a real number if s # 0
2 ifs=0
Vs, FocRad®(v(s), u(s)) = { A ifs#0
o
Vs, FocRad™ (y(s), pu(s)) = .
; M W (s)]  |s|

FocRad®(K,u) =2 < 4 = FocRad™ (K, 1)
Since p'(0) = 0, exp”(NK(1,0y) is the x — axis. For s # 0, exp"(NK ) "NW) is a

circle of radius ‘2‘;,‘ = 82;2 and with center (coss,sins) + 81532 (—sin s, cos s).
exp'(NK, 5y N W) intersects S* perpendicularly at both (coss,sins) € K and
(cosf(s),sinb(s)) ¢ K where 0(s) : (—1,1) — (5, 3X) is a smooth function, and

— 52 , s2(s% —8)

and ' (s) = S
This shows that 6(s) is an injective function, but 6'(0) = 0. All of the circles
exp(NK, sy N W) are disjoint from each other and the x — axis. As s — 0, the
pointwise focal radii tend to oo, and the circles converge to the x — axis. Conse-
quently, for all ¢ with 0 < € < 1, exp”((coss,sins), R(—coss, —sins)) is injec-
tive and a homeomorphism onto its image for |s| < e and |R| < % = inf \Tl’l
However, exp* is singular at one isolated point (¢, Rv) = ((1,0),2(—1,0)), p =
exp”((1,0),2(—1,0)) = (—1,0). Hence, there exists a non-closed curve with:
2=DIR(K,p) <TIR(K,p) =2 and 0 <& < 1.

, for s > 0.

8
0(s) = s+ 2arctan
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r=25 ¥ (9=(coss, sins)

. A1\ 2
9=1-—
# 8

FIGURE 10. v(s) = (coss,sins) and p(s) = 1 — %. This figure
shows an exponential map which is a local homeomorphism but not a

local diffeomorphism near (—1,0). See Example 4.

ExXAMPLE 5. Construct v and p exactly in the same fashion as in FExample 2,
with p(s) =1— % instead of cos 5 on (—2¢,2¢). On [0 —e,e — 0] one has A(k, ) =
—555%(s? = 8) < 0, A(k,u)(0) = %. For s = 0, FocRad®((0), u(s)) = 2, and
FocRad~ (7(0), u(s)) = oo. For s # 0, FocRad’((s), ju(s)) = FocRad™ (y(s), j1(s))

m > % The remaining estimates are the same as in Fxample 2. Overall,
FocRad®(K, i) = 2 controlled only by one point, ¥(0), and FocRad~ (K,u) > 4.
Observe that there is only one point (g, Rv) where p = exp”(q, Rv), F}/(s) =0, and
R < 3, namely ((1,0),2(—1,0)). Suppose that 3 > TIR(K, u) and repeat the proof
of Proposition 4. Since, %DCSD > b, the only possibilities left are the Cases 1
and 5. If both yo = zo = v(0), then this would contradict the exp! being a local
homeomorphism as discussed in Example 4. If zo # v(0), then one still can repeat
the argument of Case 5, by finding p—closest point q1 to p1 by using the fact that
expt is a local homeomorphism again, to obtain a double critical point, which is

not the case. This shows that DIR(K,u) =2 < 3 <TIR(K, ).

EXAMPLE 6. Figures 11 and 12. Let v(s) = (coss,sins) : R =K C S! C R?
and p(s) =t+1— % for|s| <1=e. For small t > 0,

1
Ak, ) = it (u;’ + 4m> >0 for |s| < V8t

1
Ak, ) > 1 for |s| < V3t
Ak, ) <0 for V8t < |s| < 1
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25 v (9)=(coss, sin s

61
H ne=—-—¢
5 8

FIGURE 11. Compare the normal exponential maps from a portion of
the unit circle with p(s) = ¢+ 1 — %82 for t = 0.2 and t = —0.05
(Figure 12) with ¢ = 0 (Figure 10). The diagrams also show the curves
of type exp*(y(s), N (s) for some choices of . Figures 10-12 together
show the instability of TIR under small perturbations.

-2,0)
(=20 )

9\
B

8

FIGURE 12. The normal exponential map from a portion of the unit
circle with p(s) = 0.95 — £s? is a local diffeomorphism.

FocRad™ (y(s), 1t(s)) = FocRad®(y(s), pe(s)) < 2 for |s| < V8t

DIR(K, ) = TIR(K, 1) < 2

31
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For smallt <0 and |s| < 1:

1
Ak, pe) = pe <er/ + 4Ht> <0

FocRad®(v(s), pt(s)) = FocRad™ (y(s), jus(s)) = % >4
Suppose that there is a double critical pair (p,q) for (K, u). Then, both o(p,q) and
a(q, p) must be larger than or equal to T, by Lemma 1. On ~(s), u(s) is increasing
as |s| — 0. Hence, gradyu points in the direction of v(0) = (1,0), and gradu(0) = 0.
For any two points p and q on y(s), |s| < 1, the line segment joining them can not
make angle larger than or equal to 5 with grady at both end points, at least one of
them is acute. Hence, there is no double critical pair on . Fort <0,

DIR(K, p) = TIR(K, z) = 4.

Combining with Example 4, we see that TIR and DIR have different semicontinuity
properties:

lim DIR(K,ut) =4 > 2= DIR(K,u) > limsup DIR(K, )
t—0—

t—0+t
lim TIR(K, ) =4 =TIR(K,u) > 2> limsup TIR(K, i)
t—0— t—0+

6. AIR and TIR
The almost injectivity radius ATR(K, u, R™) is

- r:expt : U(r) — Up(r) is a homeomorphism where U(r) is an open
P and dense subset of D(r), and Uy(r) is an open subset of R™. ’

We observe that exp” : D(r) — O(K,ur) is a smooth onto map, where both
D(r) and O(K, ur) are open subsets (for r > 0) of n—dimensional manifolds. For
0 < r < AIR(K, ) and all nonempty open subsets V' of D(r), exp*(V N U(r))
is a nonempty open subset of O(K, ur), and exp”(V NU(r)) is dense in exp# (V).
exp*(V) is not necessarily open in O(K, ur) when V contains singular points of
exp*, see Figure 7 around (—1,0).

PROPOSITION 6. If pg = expt(q1, R1v1) = exp*(qa, Rove) with v; € UNK,, for
i=1,2, and 0 < \/G(po) = Ry < Ry, then AIR(K, i) < R;.

PROOF. Let Ry = AIR(K, ). For ¢ € K and r > 0, let A(q,r) denote the
connected component of B(g,r; R™) N K containing ¢ and A°(q,r) = K — A(q,r).
A(q,r) is an open arc for small r. First, we will show that Ry > Ry.

Suppose that Ry < Ry. Let ¢ = %min(RO — R1,R; — Ry) > 0. Choose 0 >0
such that

0 <o < u(q)e and

maX{u(q) tq€ m} < (1 + ;1) min{u(q) iq GA(TW‘)}-



NONUNIFORM THICKNESS 33

We assert that g2 € A°(q1,0), since the assumption of ¢o € A(qy,0) leads to a
contradiction as follows:
o> |lg — g
> llgr = poll = llg2 — poll
> Rip(q1) — Rap(qe)

> 2p(q1)e.

We are given that G(po) = mingex Fp,(¢), and

VG(po) =Ry < Ry = ”pz(;jl“ =/ Fpo (q1)-

There exists a small open neighborhood V of py in R™, such that V{ is compact
with

Vo € B(qu, (Ry + €)u(q1); R™) N B(ga, (Ry + €)u(g2); R™) and

Vp € Vo, VG(p) < Ry+e< Ry —e< M =4/Fp(q1).

1(ar)
Therefore, there exists 0 < oy < o such that for every p € V;, each pu—closest point
g2(p) of K to p satisfies that ¢2(p) € A°(q1,00), by an argument similar to above for

g2 with /3 replacing ¢ in the choice of oy. We choose r such that Ry +2¢ < r < Ry
and take:

Dy = {(¢,w) € NK : q € A(q1,00) and [Jw]| <},
Dy ={(¢q,w) € NK : g € A°(q1,00) and ||w|| < r}, and
Vi = (exp” | D;)~" (V) for i =1,2.

Both V; and V5 are open in NK, Vi NV, C Dy N Dy = &, but (¢;, Riv;) € V; # @
for i = 1,2. The way o and r were chosen above implies that V C exp*(Ds)
and exp#(V3) = V4. Consequently, exp” (Vo N U(r)) is a nonempty, open and dense
subset of V. However, exp” (V1 NU(r)) is a nonempty, open (but not necessarily
dense) subset of V. Hence,

exp’ (ViNU(r)) Nexp! (VaNU(r)) # @,
but Vl N V2 =J.

This contradicts the definition of AIR. Hence, AIR(K,u) = Ry < R;.

For sufficiently small § > 0, there is ¢’ such that exp*(q1,(R1 — 0)v1) = p1
satisfies that /G (p1) = Ra+06’ < Ry —4. There exists g3 € K and v3 € UNK,, such
that p; = exp”(gs, (R2 + ¢')v3) . By the preceding part of the proof, ATR(K, ) <
R; — 6 < R;. O
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COROLLARY 2. i. If R < ATIR(K, ), then exp*(0D(R)) = 0O(K, uR).

ii. If exp”(q1, R1v1) = exp”(qo, Rovo) and R; < AIR(K,p) fori =1 and 2,
then R1 = Rs.

iii. If Ry < Ry < AIR(K, 1), then exp*(0D(R1)) Nexp"(0D(Ry)) = 2.

PROOF. exp’(D(R)) = O(K, uR) = G71([0, R?)) and all are open subsets of
R", for all R > 0, by Corollary 1 of Proposition 1.

i. If p € OO(K, uR) then G(p) = R?. Hence, dO(K,uR) C exp(0D(R)). If
there is p € exp*(0D(R)) which is an interior point of O(K, uR), then by Proposi-
tion 6, one would have R > AIR(K, u).

ii and iii immediately follow Proposition 6, and the fact that for every p in
O(K, uR), there exists ¢ € K and v € UNK, such that p = exp*(q,rv) for some

r=+/G(p) < R. O

PROPOSITION 7. i. AIR(K,u) < (maxgex ||gradu(q)|) ™" < oo, if p is not
constant.

i. AIR(K, p) < (co - maxge g k()" < oo, if 1= co is constant.

iii. TIR(K,pu) < AIR(K, u) < UR(K, p).

PrROOF. i. By Proposition 1(vi), exp*(NK, N W) N K has a least two dis-
tinct points, if gradu(q) # 0. Let ¢’ (# ¢) be another point of this set. Then,
¢ = exp”(q, Rv1) = expt(q’,0) for some R < ||gradu(q)|”". By Proposition 6,
AIR(K, ) < R. Since K is compact, maxqeex ||gradp(q)| is attained on K.

ii. This is a part of the proof of (iii).

iii. First inequality follows the definitions.

Suppose there exists R such that FocRad™ (K,u) < R < AIR(K,u). Then,
there exists p1 = exp# (g1, Rv1), for some v; € UNK,, and ¢; € CP(p1,—). As
in the Claim 1 in the proof Proposition 4, G(p;) < R?, and p; = expH(qo, Rovo)
for some (gz2, Rova) # (q1,Rv1) with Ry < R. This contradicts Corollary 2(ii).
Consequently, AIR(K, u) < FocRad™ (K, ).

We prove (ii) at this stage. If p = cg, a positive constant, then A(k,cy) =
%5203 >0, A(k,co) = k?c. Since K is compact, there exists a point go of K with
maximal r(qo) > 0. AIR(K, 1) < FocRad™ (K, ;1) < (k(go)co)” " < oo. If 1 is not
constant, then AIR(K, ) < oo by (i).

Suppose that %DC’SD(K, 1) =Ry < AIR(K, ). Let AIR(K,u)—Rg=¢ > 0.
Since K is compact, the set of critical points of X is a compact subset of K x K. Let
(g3, 94) be a minimal double critical pair for (K, i), with p on the line segment g3y
joining g5 and ¢4 such that ||p — ¢;|| = Rop(q;) and p = expt(q;, Rov;) for i = 3, 4.
By Lemma 1 with ¢ = 0, a(qs3,p) € [g, 7T]. First, we consider the case a(g3,p) > 5
where grad u(gs) # 0. By part (i) and Proposition 1(ii), a(gs,p) # 7. The circular
arc (B(s) = exp*(gs, svs) is contained in the 2-plane containing ¢s, p and ¢4 and
parallel to v3. £(8(0),u(gs,p)) = £(6'(Ro),u(p,qs)) = a(gs,p) — 5 < 5. Since
llgi — pll = w(q)Ro for i = 3,4, one has |jgs — B(Ro + s)|| < (Ro — As) u(qa) <
Rop(qs) for some A > 0 and small enough § > s > 0. In the case of a(gs3,p) = 7,
the last statement still holds since ((s) traces the line segment g3qz. In all cases,
choose po = B(Ro + so) such that 0 < sp < min(e, d).

Fpo(g3) = (Ro + 50)° > (Ro — As0)” > Fpy(qa) > G(po) = Fpy(a5)

for some g5 € K. By Proposition 6, ATR(K, ) < Ro+so < Ro+e which contradicts
the initial assumptions. Hence, AIR(K,u) = Ry < 2DCSD(K, 1) O
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PROPOSITION 8. Let K; denote the components of K. Let v; : domain(v;) —
K; be an onto parametrization of the component K; with unit speed and p;(s) =
w(7i(s)). Then, the singular set SngN¥ (K, u) of exp” within D(UR(K, u)) C NK
is a graph over a portion of K: SngN¥ (K, p) = ,SngN ¥ (K, 1) and

(7i(s), Ri(s)N,,(s)) € NK; where
s € domain(vy;), ki(s) >0,
Sng " (K, p) = (1! + +k2p;) (s) =0, and
1

0< Ri(s) = () = i) ()~ < UR(K, )

where k; and N, are the curvature and the principal normal of v;, respectively.
D(UR(K, i) — SngV¥ (K, i) is connected in each component of NK, when n > 2.

Proor. We will prove it for connected K, and omit “”, since this is a local
result. R < UR(K,u) < mvvs'
NK _ (¢, Rv) :v e UNK,, R<UR(K, p)
Sng™ " (K, n) = and the differential d(exp”)(q, Rv) is singular
For ¢ = v(t), v € UNy, p = exp”(q, Rv) and R < FocRad™ (K, ) :

(61) 0 45 B0 = s (1= R/ 1= (R coss = ) 0

by Proposition 2, where 3 = £(7"(t),u(q,p)") when both vectors are non-zero,
and = 0 otherwise. By proposition 5(ii),

exp is singular at (¢, Rv) if and only if F}/(¢) = 0, when the equality holds in
(6.1). For fixed q and v, there is only one possibility, a repeated root as Lemma 3(vi),
to have a zero of (6.1) and keeping (6.1) non-negative for all 0 < R < UR(K, ).

Case 1: x(t) = 0. The quadratic in (6.1) can not have a repeated root when
(#2)"(t) > 0 and it has no roots when (12)”(t) < 0. Hence, it has no solution with
R < UR(K,u), and SngV® (K, i) has no part over zero curvature points of .

Case 2. k(t) # 0, with N,(t) denoting the principal normal of ~. If the
expression in (6.1) were zero for ¢ = (t), R > 0 and a unit vector v # N,,(¢) (that
is cos # < 1), then it would be negative for the same g and R but v1 = N, (t) (with
cos 3y = 1), which would imply that R > UR(K, u). This proves that Sng™V ¥ must
be in the direction of the normal N,. In order have a singular point at (vy(¢), Rv)
and to satisfy (6.1), one must have v = N,(t) (cosf = 1) and there must be
repeated roots as in Lemma 3(vi), which occur only when A(k, ) =0:

} C int(W).

2

1 1 ) 1
Ak, p) = 5 ()" + 266" = (W) = pp" + K°p* =0

2 4 4
A _1 2\ 1 2.2 (N2 "
(k) = 5 (W7)" + SR = ()" — pu
1
== A(k, p)(t) > 0 when £(t) > 0.

It is straightforward to show that points satisfying these conditions are the singular
points of exp* within D(UR(K, p)). If 1 = ¢g is constant and k > 0, then A(k, p) >
0, and as R increases, the first zero of F)/(t) occurs at R = ¢o/k(t) and becomes
negative for R > co/k(t). Consequently, SngV¥ (K, ;) = @ when p is constant.
Since K is compact, if p is not constant then there are points where p”’ > 0
and A > 0. Hence, the domain of the graph Sng™V¥ is not all of K. Including the
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dimension n = 2, the complement D(UR)—Sng™ ¥ is connected in each component
of NK. [l

PROPOSITION 9. exp” restricted to D(UR(K,p)) — Sng™V ¥ (K, 1) is a diffeo-
morphism onto its image in R™ and AIR(K,u) = UR(K, p).

PROOF. Let 0 < Ry < UR(K, ) be chosen arbitrarily. exp* is a non-singular
map (local diffeomorphism) on D(R;) — Sng™N ¥ (K, 1) which is an open subset of
NK. Let pe(s) = p(s) — e for small € > 0.

Jeg > 0 such that Ve € (0,¢9), exp*s : D(R;) — R™ is a non-singular map
by the following. A(rk, pe) = pe (p + $r2p.) = (n—¢) (W' + %1 — $x%) . On
the parts of K where u” + %/{2;1 <0, and k > 0, one has A(k, pe) < 0 and hence
expts is non-singular for all small € > 0, by Propositions 3 and 5. On the parts
of K where p'’ + %HQ,U, < 0 and k = 0, expHs is non-singular within radius of
UR(K,u.) < FocRad™ (K, ii.), see the Case 1 in the proof of Proposition 8. On
the parts of K where p + 1x%u > 0, one has A(k,p1)~2 > UR(K, j1). Observe
that A(k, pte)(s0) > 0 implies that A(k, u)(so) > 0, and by Proposition 3(ii) both
inequalities must be valid at some common points on K. By continuity, de¢ >
0,Ve € (0,20), Ak, pe) "2 > Ry and SngN¥ () N D(R,) = @, by Propositions 3,
8, and Definitions 4, 9. Consequently, exp#s : D(R;) — R™ is a non-singular map.

Suppose that exp# is not one-to-one on D(R;) — SngN¥ (K, i), and there ex-
ist (q;,w;) € D(Ry) — Sng™¥(K,p) for i = 1,2 such that (q1,w;) # (g2, ws) but
expt(q1,w;) = exp(qa,ws). By the regularity of exp” on D(R;) — SngVE (K, i),
there exists open sets U; such that (¢;,w;) € U; € D(Ry) — SngV (K, u) for
i = 1,2, Uy NU; = @, exp(U1) = exp”(Usz) and exp” | U; are diffeomor-
phisms. {exp*s : ¢ > 0} converge uniformly to exp” on D(R;) as ¢ — 0%, by
the definition of exp* . Since exp#<(U;) and exp*<(Uz) are open subsets of R™ and
exp’(Uy) = exp”(Us), Je1 > 0,Ve € (0,e1), expt=(Uy) N expe(Usz) # &. Conse-
quently, exp#s : D(Ry) — R™ is not injective. By Proposition 5(iii), DIR(K, u.) =
iDCSD(K, pic) < Ry,Ve € (0,min(eg,e1)). There exist pairs of points (z.,y.) €

K x K with z. # y., grad¥.(z.,y:) = 0, and % = %DCSD(K, e ) where

S : K x K — R defined by Sc(z,y) = ||z — y||” (e(x) + pe(y)) 2 By compact-
ness and taking convergent subsequences (and using x;, y; and p; for simplifying
the subindices), there exists (x;,y;) — (z0,%0) € K x K with grad¥(zo,yo) =
0. Suppose that =9 = yo. As R; = |lz; — y;ll (u(:z:j)+u(yj))_1 — 0, one has
cosa(xj,y;) = —Rj‘u;(xj)‘ = —R; |/ (z;)] — 0, which means that the line
through z; and y; is making an angle close to 7/2 with K at x; and y;. On
the other hand, (z;,y;) — (zo,%0) implies that the same lines are converging
to a line tangent to K. Both can not happen simultaneously. Hence, z¢o # yo,
and (zg,y0) is a critical pair for (K, ). By the definition of DCSD and conti-

nuity, 2DCSD(K, pu) < % < R;. However, this contradicts our initial

assumption of Ry < UR(K, pu) < %DCSD(K, w). Finally, VR, < UR(K, u), exp”
is one-to-one on D(R;) — SngN¥ (K, 1), and it is a non-singular map onto an open
subset of R™. This proves that exp* | D(UR(K, 1)) — Sng™V ¥ (K, p) is a diffeomor-
phism onto its image. Sng™¥ (K, ) has an empty interior, since it is a subset of
a one-dimensional graph over a subset of K. By the definitions and Proposition 7,

AIR(K, 1) = UR(K, p1). O
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COROLLARY 3. Let (K, pu) be given and p.(s) = u(s) —e. For a given 0 <
Ry < UR(K,p), 3" > 0 such that Ve € (0,€'), expt< : D(R1) — O(K, u.Ry) is
a diffeomorphism. The diffeomorphisms expts converge uniformly to the (possibly
singular) map exp” as e — 0%, on D(Ry).

PRrOOF. This follows the proof of Proposition 9. First, the regularity part is
done in the same way. Then, one supposes that such ¢ does not exist, and for
all j € N, there exist 0 < g; < % with a non-singular and non-injective map
exp®i : D(R;) — R™. One follows the proof above again, by using the limits of
subsequences of double critical pairs of (K, yic;), to obtain a double critical pair for
(K, p) to contradict Ry < UR(K, ) < $DCSD(K, ). O

PROPOSITION 10. For a given (K, ) and g € K, let
Sng = exp*(Sng™ ),
Ay =exp! (NK,ND(UR)), and
Al = exp" (NK,N D(UR) — Sng™¥) .

Then, i. O(K, pUR)—Sng has a codimension 1 foliation by Ay, which are (possibly
punctured) spherical caps or discs.

ii. exp*(D(UR) — SngNE) = O(K, uUR) — Sng.

iii. If Ag, N Ag, # @ for g1 # g2 then 1 and g2 must belong to the same
component of K, and A, intersects A,, tangentially at exactly one point py =
exph(qi,71v1) = exp(qa, T2v2) where (q;,m;v;) € Sng™N ¥, fori=1,2.

w. Horizontal Collapsing Property:

Assume that exp”(qi,r1v1) = expt(qa,mov2) = po for ri, 12 < UR(K,p),
v; € UNK,, with (g1,71v1) # (g2,7m2v2). Then, g1 and g2 belong to the same
component of K, which is denoted by Ki. Let v(s) : R =K, C R" be a unit speed
parametrization of K1 such that v(s+ L) = v(s) where L is the length of K1, N,(s)
denotes the principal normal of v, and g; = v(s;) fori=1,2 with 0 < $1 < s2 < L.
Then, r1 = 12, v; = Ny(s;) for i = 1,2, and exp*(y(s),r1N,(s)) = po, Vs € I
where I = [s1, s2] or [so — L, s1].

PRrROOF. The logical order of the proof is different from the presentation order
of the results.

For different components K; and K> of K, the open sets O(Kj,uR) and
O(Ko, uR) are disjoint for R < UR(K, u), otherwise one can obtain a contra-
diction with Propositions 8 and 9. exp# | D(UR) — Sng™N¥ is a diffeomorphism
onto its image. exp” | NK,N D(UR) is also a diffeomorphism where the image A,
is an open (metric) disc of an n — 1 dimensional plane or sphere. By Proposition
8, expt (SngNK N NKq) contains at most one point denoted by ¢*, if it exists. If
such ¢* does not exist, we use {¢*} = @. Let A7 = A; — {¢*}. The diffeomorphism
exp” | D(UR) — Sng™¥ carries the codimension 1 foliation of D(UR) — Sng™¥ by
NK, — Sng™¥ to a codimension 1 foliation of exp(D(UR) — Sng™N¥) by A%

As in Corollary 3, let u.(s) = u(s) — e for small € > 0 and choose large
Ry < UR(K, j1). By Proposition 9, A7 NA; = & for q1 # g2. Therefore, A;, NA,, C
{¢7, 43} for (1 # q2. Suppose that A, and A,, intersect transversally. For n > 3,
Ag NA,, would have infinitely many points, which is not the case. In all dimensions
including n = 2, take R; < UR(K, ) sufficiently large with {q¢7,¢5} C O(K, uRy).
By Corollary 3, Ag, (te) N Ag, (1) = @, for sufficiently small ¢ > 0. In the limit as
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e — 0%, Ay, and A,, can not intersect transversally, since transversality is an open
condition. Hence, A4, and A,, are tangential to each other at ¢j or ¢5 and there is
only one point of intersection for q; # ¢o, if the intersection is not empty. If both
Ag, and Ag, are subsets of hyperplanes, then A, N A,, = @ for ¢1 # g¢2.

From this point on, assume that py = exp”(q1,71v1) = expt(gz,r2v2), for
¢1 # q2. Ay, and A,, must intersect tangentially at po € {¢7,¢3}, and ¢1 and go
must belong to the same component of K, denoted by K;. At least one of A,
is spherical. Choose A4, to be the subset of the sphere with center ¢; and the
smaller radius o7 so that grad u(q1) # 0. Then, Vp € Ay, |le1 —pl| > o01. Let
v(s) : R —=K; C R" be a unit speed parametrization such that v(s + L) = ~(s)
where L is the length of K7, and ¢; = v(s;) for i = 1,2 with 0 < 81 < s9 < L. Let
n(s) = exp”(y(s), Rv(s)) be as in Lemma 5:

p(s1) d?

W) (1(sn) = o)) = {575 0

Fn(51)(7(5>)|5:sl since p“l(sl) 7& 0

/‘(31) /
- QM/(SI)’V (81)

We will assume that p/(s1) > 0, and work on the interval [sq,s2]. Otherwise, if
' (s1) < 0, then one reparametrizes K; to traverse v ([s2 — L, s1]) with opposite
orientation starting at ¢;. Choose Ry < UR(K, ) sufficiently large with {¢},¢3} C
O(Kl, ,uRl).

Claim 1. There exists § > 0 such that

Vs € (81, S1 + 5)7 Vp S A’y(s) N O(KlaRl/J)a d(Cl,p) > 0q.

For a given curve (y(s), Rv(s)) in NK; as in Lemma 5, define

where ¢(s1) = ¢1 = v(s1)

Nre(s) = exp”(y(s), Ru(s)) and
Fro(8) = [nRo(s) — c1|* so that
fro(s1) = 0 >0 and fg,(s1) = 20, (s1) - (NRo(s1) — 1)

f}lzv(sl) > 0 if nRv(sl) S A;l
fro(s1) = 0if Ry (s1) = ¢

(In the next two statements, the compactness of (44, — B(q},61)) NO(K1, Rip) is
essential.)

Vo1 > 0,305 > 0 such that
if nRv(Sl) c (A!h — B(qf,él)) N O(Kl,Rlu) then f},%v(sl) >y > 0.

36 > 0 such that § < min(Ry, 71, Ry — 1) and
if nRv(sl) S (AQ1 — B(qf,dl)) N O(Kl,Rlu) and s € (81,81 + (5),
then fr,(s) > o3
Suppose there exists Rv(s) with ngr,(s1) € Agy N Blgf,61) N O(Kq, Rip), s’ €

(51,514 6) and fry(s') < of. Then, A,y must intersect Ay, near ¢;. This inter-
section must be tangential as discussed above with ¢; and ¢g2. However, this cannot
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be the case when fr,(s) takes values on both sides of o7. This proves the Claim 1:

36 > 0 such that
if Nry(s1) € Ay, NO(Ky, Ript) and s € (s1, 81 + ) then fgr,(s) > o7, hence,
Vs € (81,51 +0),Yp € Ay) NO(K1, Rip), ||c1 — p|| > o1.

Recall that Vp € A,, |lcn —pl| > o1 and A, is tangent to A4, at po. To avoid
any transversal intersections with Ag,, A, must stay between the codimension
1 submanifolds (sphere or plane) containing A, and Ag,, respectively. This forces
A, (s) to be tangent to A, at po for Vs € (s1,51+0), which is still true on [s1, 51 +9]
by taking closure.

Claim 2. A, is tangent to Ay, at po for Vs € [s1, s2].

If / > 0 on [s1,$2), then Claim 2 can be proved by a standard topology
argument. It is also possible to have the existence of s3 € (s1,s2) with ¢/ > 0
on [s1,s3) and p/(s3) = 0. Then, Claim 2 holds on [s1, s3] by the same argument.
Let g5 = v(s3). Ay, is a subset of a hyperplane H = {x € R" : z-v/(s3) = ao}
dividing R" into two half spaces and A, are tangent to Ay, at po for Vs € [s1, s3).
The spheres containing A, () (s € [s1,53)) are on the same side of H as Ag,, their
centers are on the line ¢ perpendicular to H at pg, and the set of their radii is
[01,00). 1/ (s2) # 0 and A, is a subset of a sphere, since 4,, and A,, are tangent
at po. Ag, and Ay, must be on the opposite sides of H since the center of A, is
also on ¢, and the radius of Ay, is not less than the radius of A,,. By studying the
function gr,(s) = v'(s3) - exp(y(s), Rv(s)), and using the first characterization of
F}! in Lemma 5, in a similar proof to Claim 1, one can obtain that

36" > 0,Vs € (s3,53+0"),Vp € Aysy NO(K1, Ripn), p-7'(s3) > ao.

To avoid any transversal intersections with A,,, A, () must stay between the codi-
mension 1 submanifolds (a sphere and a plane) containing A,, and A, , respectively.
This forces A,(5) to be tangent to A, as well as A, at po for Vs € (s3,53 + '),
which is still true on [s1, s3+4'] by taking closure and combining with above. p/ < 0
on (ss3, s34 ¢'], since (i) any zero of ' will give a hyperplane tangent to A,, which
cannot happen, and (ii) any positive value of p/ will give a sphere whose center is
on ¢ but on the same side of H as A,,, which cannot happen by continuity and
Ays) N Ay sy = {po} for s < s3 < s’. One repeats the proof of Claim 1 by showing
that fgr, is decreasing with x4/ < 0, and Lemma 5, to extend Claim 2 to [s1, sa].

po = exp”(y(s),r(s)v(s)) for some curve (y(s),r(s)v(s)) : [s1,82] — NK;.
Hence, r(s) = [|v(s) —poll /p(s) = r1 > 0 by the Corollary 2(ii), v(s) = N,(s)
and (p')* — pp" = ri?

*

Ay(s) is unique. One can extend [s1, s3] to a maximal closed interval by requiring
Do € A’y(s)-

To summarize, if exp#(q1,7m1v1) = exp*(qa, r2v2) = po, for r1, 19 < UR(K, 1)
and v; € UNK; for i = 1,2, then (i) m = rg, (ii) exp”(v(s),"1Ny(s)) = po,
Vs € [s1, 82, and (iii) v; = N,(s;) for i = 1,2. However, it is essential to observe
that this can be done on one arc of v between ¢; and g2, not both, since we chose
the interval [s1, so] in a particular way above.

on [s1, s3] by Proposition 8. Vs € [s1, s2], ¢,y = po, since
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Observe that ¢}, = po, Vs € [s1,82] or [s2 — L, 51], if po € Ay(5,) N Ay (s, This
proves that

exp”(SngM ) Nexp"(NK; N D(UR) — SngM*) = @ and
exp"(D(UR) — Sng™ ) = O(K, uUR) — Sng.

O

REMARK 4. In the proof of Claim 1 above, it is essential that the fibers Ay are
subsets of spheres and planes. f,(t) = x?t — 3, satisfies that f.(0) = 2% > 0 except
x =0, but Vzx, fr(e) > 0= f.(0)” is false for all ¢ > 0, since fo(t) = —t3.

PROPOSITION 11. Let y(s) : R = K7 C R™ be a unit speed parametrization of
a connected Ky such that exp”(y(s),7Ny(s)) = po, Vs € [s1, 2], for s1 < sz and
r < UR(Ky,u) as in Proposition 10. Then, k is a positive constant on the interval
[s1,82] and

1
(NI)Q _ MM// == and fy/// + I<&2’7/ =0,
T

1

2
u:—cos(%—i—a) for some a € R.

Therefore, Horizontal Collapsing Property occurs in a unique way only above arcs
of circles of curvature k and with specific p. v([s1,$2]) # K1, even if [s1,s2] is
chosen to be a maximal interval satisfying above.

PROOF. By Propositions 8 and 10, (y(s),7N,(s)) € SngV¥ (K, u) and

1 1
(6.2) (W) — " = =3 and " + ZKQM =0 with k > 0.

0= ((u')2 — uu”)/ = ((u’f + i,iglP)/

1 1
OZQM/NII+§“RIN2+§K32N,U/
_ / " 1 2 1 7,2
0=2u" (p" +-r"p | + zkK'p
4 2
0:§I$I€/u2

Kk is constant, since k and u > 0. p = % cos (% + a) is the only solution of (6.2).

1= (rp)?

% and 7"’ = kN,
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po = exp”(y,7N,y) = v — 'y + rpa/1 = (rif)* N,
(—4##7+?%%Q/
( w)— TQMM”) Y +0-9"+ 27“2#27'”
( K2 p? = g >7’v +—1r2u2vm
0= T2I€2M2’}/I + ;M2r2,yl// _ %/L27’2 (HQ,Y/ +’7/H)
0= r2y +~"

p1 = K%y + " for some constant p; € R"

P H Lyt

|15 - ===
v is an arc of a circle in R™, since v has curvature x and lying on a sphere of radius
1/k, it has to be a great circle of that sphere. Since p is not constant and K is
compact, there are points where ”/ > 0 on each component of K. However, on

[s1, 80, 1" = —3#%u < 0. v([s1, 52]) # K1, U

PROPOSITION 12. Let {(K;, u;) 14 =1,2,...} be a sequence where each K; is a
disjoint union of finitely many simple smooth closed curves in R™ with C? weight
functions, and similarly for (Ko, po). If (K;, pi) — (Ko, o) in C? topology, then

limsupAIR(K;, i) < AIR(Ko, pio).-

PROOF. Let v(s) : domain(vyy)— Ko be a unit speed onto parametrization. Let
R > FocRad~ (K, 110) be given arbitrarily. By Proposition 3, 3s¢ € domain(~)
such that either A(ko, 110)(s0) ™2 < R with A(ko, 110)(so) > 0, or |u6(so)|71 < R.By
parametrizing all K; over a small common open interval I about sy with respect
to arclength, we can assume that p) — py and k; — ko uniformly on I. For
sufficiently large i, A(kq, 1s)(s0) ™2 < R with A(s, pi)(so) > 0, or | (s0)] " < R.
Hence, R > FocRad™ (K;, p;) for sufficiently large 1.

limsupFocRad™ (K, ;) < FocRad ™ (Ko, po)-

By Proposition 9, for all (K, u) :
1
AIR(K,p) = UR(K, p) = min (QDCSD(K, u), FocRad™ (K, ,u)) .

Suppose that IRy such that ATR(Ky, o) < Ro < limsupAIR(K;, j1;).

(6.3) AIR(Ko, o) < Ro < limsupFocRad™ (K;, ;) < FocRad™ (Ko, yio)

1
AIR(K()JL()) = 5DCSD(K0,/J0) < Ry

D(Ry) C W(expt®) C NKj by (6.3). There exists a double critical pair (qg, ¢1) for
(Ko, tt0), and a point p on the line segment joining ¢o and ¢ such that||p — ¢;|| =
Ripo(g;) and p = exp'®(q;, Riv;) with v; € UN(Ky)g, for i = 0,1 where Ry =
AIR(Ky, o) < Ro. As in the proof of Proposition 7(111) we consider (1(s) =
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expHo(qy, svy) for s € (R, Rp) . There exists at most one singular point along (;
before Ry by Proposition 2 and (6.3). By using Lemma 4 and the arguments in
the proof of Proposition 7(iii) with £(3](R1),u(p,q0)) = a(q1,p) — 5 < %, choose
s1 € (R, Ro) such that ||31(s1) — qol| tto(qo) ™' < Ry and exp”® is not singular at
(q1, s1v1). There exists an open connected set ViT C D(Ry) — D(R;) C NK, such
that

i. (q1751’U1) € VlT,

ii. exp* | VI is a diffeomorphism onto an open set Vi (C R™) containing
B1(s1),

iii. 0 < ¢1 < inf||d(expt | VT)|| < sup ||d(exp | Vi) < C1 < o0,

iv. ||z — qoll o(qo) ™t < Ry, Vo € V4, and

v. {¢ € Ko : (g,w) € V'} is an open arc whose length is much shorter than
the length of the component of Ky containing ¢ .

There exists a pg—closest point go € Kg to 81(s1), and 51(s1) = expH®(ga, Rava)
where R, < Ry. By Proposition 1(ii, v), q1 # go, since Ry < |[i/(q1)|”". Let
Ba(s) = exp*o(gq, sve). There exists so < Ry sufficiently close to Rs such that
exp/® is not singular at (gq, $2v2) and exp#°(qa, s2v2) € Vi. There exists an open
set V' € D(R2) C NKj such that (g2, sqva) € Vil , exp?® | V3! is a diffeomorphism
onto an open set Vo with 8a(s2) € Vo C Vi, and satisfying the same type conditions
as (iii) and (v) above. V' N Vi ¢ Vi N D(Ry) = @.

Let K{, be open subset of Ky such that Vi¥ UV, ¢ NK{. Having chosen V,"
small, we can assume that K is a union of one or two short open arcs, neither of
which is a whole component of K. Parametrize v : Iy — K|, and for sufficiently
large ¢ > ig, v; : Ip — K| C K, with unit speed s so that {%|Io};’;.0 converges
to Yo|Ip uniformly in C? topology as i — co. All NK! are diffeomorphic to (and
can be identified with) the fixed NK}. Since (K;, ;) — (Ko, o) in C? topology,
expKiri) . NK! ~ NK} — R™ converges to exp®o#0) in C'! topology. V¥ NVl =
@, but exp(Ké’”O)(VQT) - eXp(Ké’”O)(VlT) where all are open sets, and exp(Ké’“") is
a local diffeomorphism on VI U V4! satisfying (iii). Therefore, for sufficiently large
i, expEir) is a local diffeomorphism on V;T UV, € D(Ry) where V7 and VI are
nonempty disjoint open sets, but exp®i#:) (V,I) 0 expin) (V) 4 @. Therefore,
by the definition, ATR(K;, ;) < Ry for sufficiently large i. This contradicts with
the conditions of the initial choice of Ry. The nonexistence of such Ry proves that

ProOOF. Theorem 3 Assume that R = TIR(K,pu) < UR(K,u). Recall
the proof of Proposition 4(i) that (i) exp” : D(R) — O(K,uR) is a homeomor-
phism, and VR’ such that R < R’ < UR(K, ), exp” | D(R’) is not injective. By
Proposition 10(iii, iv), there exists py = exp*(y(s),rN,(s)) € Sng(K, ) for some
parametrization v of K, Vs € [s1, s3] for some $1 < sq, and R < r < R’. By Propo-
sition 11, v ([s1, s2]) is a desired arc of a circle with compatible p. Conversely, if
such an arc of a circle exists, with compatible p, then as it was discussed in Ex-
ample 1, there exists a horizontal collapsing curve exp#(y(s), ' N,(s)) = pj with
Vs € [s], s5] for some s; < s, which must satisfy R < ¢/. Therefore, TIR(K, i) is
equal to the infimum of such . If the lengths of disjoint collapsing curves converges
to zero and their pu-height decreases to R, then it is possible that the infimum may
not be attainable. If there are no such circles, then exp” : D(UR) — O(K, pUR) is
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injective, and hence it is a homeomorphism by repeating the proof of Proposition
A(1). 0

The proof of Theorem 1 is provided by Propositions 4, 5, 7, 9, 12, and Lemma
6. The proof of Theorem 2 is provided by Propositions 6, 10 and 11. The proof
of Theorem 4 is provided by Propositions 8, 9 and 10.
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