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Abstract. For a category C we investigate the problem of when the coproduct
L

and
the product functor

Q
from CI to C are isomorphic for a fixed set I, or, equivalently,

when the two functors are Frobenius functors. We show that for an Ab category C this
happens if and only if the set I is finite (and even in a much general case, if there is a
morphism in C that is invertible with respect to addition). However we show that

L
andQ

are always isomorphic on a suitable subcategory of CI which is isomorphic to CI but
is not a full subcategory. If C is only a preadditive category then we give an example to
see that the two functors can be isomorphic for infinite sets I. For the module category
case we provide a different proof to display an interesting connection to the notion of
Frobenius corings.

Introduction

Let C be a category and denote by ∆ the diagonal functor from C to CI taking any object
X to the family (X)i∈I ∈ CI . Recall that C is an Ab category if for any two objects X, Y of
C the set Hom(X, Y ) is endowed with an abelian group structure that is compatible with
the composition. We shall say that a category is an AMon category if the set Hom(X, Y )
is (only) an abelian monoid for every objects X, Y . Following [McL], in an Ab category
if the product of any two objects exists then the coproduct of any two objects exists and
they are isomorphic. Moreover, if this is the case, the product M × N with projections
p : M ×N → M and q : M ×N → N and injections i : M → M ×N and j : N → M ×N
defined such that pi = 1M , qi = 0, pj = 0, qj = 1N form the bi-product of M and N .
This is also true if we only assume that C is an AMon category.
Given a family of objects (Xi)i∈I that has product P and coproduct C, we may ask the
question of when are they isomorphic. As there are very large classes of examples in which
this is true (as it will be shown), the problem should be put in a functorial manner. If I is
a set, following [McL], a coproduct

∐
i∈I

Xi exists for every family of objects (Xi)i∈I if and

only if the diagonal functor ∆ las a left adjoint which can be constructed by considering
the association (Xi)i∈I −→

∐
i∈I

Xi. Dually, a product will be a right adjoint to ∆. It is

then natural to put the problem in this context, that is, when the product and coproduct
functors are isomorphic functors. This is equivalent to asking when ∆ has the same right
and left adjoint, that is, when is it a Frobenius functor (or equivalently, when the product
and/or coproduct are Frobenius; see [Mo], [CMZ]).
One may expect that if the coproduct of a family (Xi)i∈I exists, then coproducts of sub-
families exist, and then the coproduct of a void family (of objects), which is an initial
object. Thus we will assume that a zero object exists in C, that is, an initial and ter-
minal object. Then the existence of coproducts indexed by a set I implies the existence
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of coproducts indexed by sets of cardinality less or equal to I, by taking the coproduct
of (Xj)j∈J to be the coproduct of (Xj)j∈J ∪ (0)i∈I\J for a subset J of I. It is proved
in [Mc1] that in a category with a null object, finite products and finite coproducts and
such that the canonical morphism M

∐
N → M ×N is always an isomorphism, every set

Hom(M,N) can be endowed with an addition f + g = ε(f × g)η (where η : M → M ×M
and ε : N

∐
N → N are the canonical morphisms) which is compatible with the composi-

tion of morphisms and makes Hom(M,N) into a commutative monoid. Thus the minimal
setting for the problem will be that of an AMon category C that has a zero object, as it
will be shown that if the product and coproduct functors indexed by a set I are isomorphic
in a category C with a zero object, then the canonical morphism from the coproduct to
the product is an isomorphism, and then, by using the zero object, it follows that the
isomorphism also holds for finite families of objects, making C into an AMon category.
It will be shown that if in an AMon category with a zero object there is a nonzero mor-
phism M

f→ N that is invertible in the abelian monoid Hom(M,N) then the product and
coproduct functors indexed by a set I are isomorphic if and only if the set I is finite. If
such a morphism does not exist, the two functors can be isomorphic for infinite sets I.
In the second part a different solution is presented for the module category case. Al-
though some quite direct considerations lead straight to the result, we wish to evidence
an interesting connection to the theory of corings and comodules. Though introduced
initially by Sweedler, corings and then categories of comodules over corings have proved
to be generalizations of various categories such as the ones of Hopf modules, Yetter Drin-
fel’d modules, Doi Koppinen modules and entwined modules, categories of modules and
comodules, of graded modules and categories of chain complexes, providing a unifying
context for all these structures. The category of modules can be regarded as a category
of comodules over the Sweedler canonical coring. Straightforward general considerations
allow the viewing of the product category MI

R as a category of comodules over a certain
R coring C and the coproduct functor as the forgetful functor from this category to that
of R modules. Then the fact that the coproduct is a Frobenius functor will equivalently
translate to the fact that the coring C is Frobenius, which by a finiteness theorem will
imply that C must be finitely generated and the index set must be finite.
We will make use of the following remark: Let C be an AMon category that has a zero
object and finite canonically isomorphic products and coproducts. Let M,N be two objects
of C. Denote by M×M the (bi)product of M by M with p, q : M×M → M the canonical
projections, N × N the coproduct (biproduct) of N by N with i, j : N → N × N the
canonical injections, η : M → M ×M the unique morphism such that pη = qη = 1M (the
unit of the adjunction of the diagonal functor C → C × C with the product functor) and
ε : N×N → N the unique morphism such that εi = εj = 1N (the counit of the adjunction
of the coproduct functor with the diagonal functor C → C × C). Then for two morphisms
f, g : M → N we have f + g = ε(ifp)η + ε(jgq)η = ε(f × 0)η + ε(0× g)η = ε(f × g)η.

1. The General Case

Let I be a fixed set and C be an AMon category with a zero object 0 and such that for
any family (Xi)i∈I of objects of C there is a coproduct

⊕
I

Xi and a product
∏
I

Xi with the

usual universal properties. Equivalently,
⊕
I

is a left adjoint to ∆ and
∏
I

is a right adjoint

to the diagonal functor ∆. For objects A,B denote by 0A,B ∈ Hom(A,B) (or simply 0)

the composition A
0→ 0 0→ B; bythen 0A,C = 0B,C ◦ 0A,B for every objects A,B, C in C

and f ◦ 0 = 0; 0 ◦ g = 0 for every morphisms f, g in C. We denote by σ the unit of the
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adjunction (
⊕

,∆) and by p the counnit of the adjunction (∆,
∏

). Let A = (Ai)i∈I be an
object of CI . We will write shortly σk (respectively pk) for σk

A (respectively pk
A) - the k-th

component of σA (respectively pA). For a functorial morphism Θ :
⊕
i∈I

→
∏
i∈I

we denote by

Θk,l
A = plΘAσk. The canonical functorial morphism FA :

⊕
i∈I

Ai →
∏
i∈I

Ai is (by definition)

the one with F k,l
A = 0 when k 6= l and F k,k

A = 1Ak
, ∀k. Also denote by Γk : C → CI the

functor associating to any X ∈ C the family (Xi)i∈I having Xk = X and Xi = 0 for i 6= k.

Proposition 1.1. A functorial morphism Θ :
⊕
i∈I

→
∏
i∈I

is uniquely determined if for every

object X ∈ C a morphism ΛX = (Λi
X)i∈I ∈ HomCI (∆(X),∆(X)) is given such that:

(i) Θk,l
X = 0 for k 6= l;

(ii) Θk,k
X = Λk

Xk
;

(iii) fΛk
X = Λl

Y f for any objects X, Y of C and any morphisms f ∈ Hom(X, Y ).

Moreover, if Θ is a functorial isomorphism then Λi
X are isomorphisms.

Proof. If A = (Ai)i∈I and B = (Bi)i∈I are families of objects of C (that is, objects of CI)
then we have the following commutative diagram

Ak
σk-

⊕
i

Ai

Θ(Ai)i-
∏

i

Ai
pl - Al

(∗)

Bk

fk

? σk-
⊕

i

Bi

⊕
i

fi

? Θ(Bi)i-
∏

i

Bi

∏
i

fi

?
pl - Bl

fl

?

where the left and right diagrams commute because of the naturality of σ and p and the
middle diagram commutes by the naturality of Θ. Thus we obtain fl ◦ Θk,l

A = Θk,l
B ◦ fk

for any fk ∈ HomC(Ak, Ak) and fl ∈ HomC(Al, Al), which yields (i) by taking fl = 1Al

and fk = 0, and together with (ii), it implies (iii). Denote by Λk
X = Θk,k

Γk(X). Taking

B = Γk(Ak) and fk = 1Ak
, fi = 0 : Ai → 0 in the upper diagram we see that Θk,k

A = Λk
Ak

,
which only depends on Ak. It is obvious, by the universality of

⊕
and

∏
that ΘA is

uniquely determined by the morphisms Θk,l
A . For the last part, consider the commutative

diagram ⊕
Γk(X)

ΘΓk(X)-
∏

Γk(X)

X

σΓk(X)

6

Λk
X - X

pΓk(X)

?

where it is easy to see that the vertical arrows are isomorphisms. �

Proposition 1.2. If the functors
⊕

and
∏

are isomorphic then the canonical morphism
from

⊕
to

∏
is a functorial isomorphism.

Proof. Let Θ be an isomorphism between
⊕

and
∏

and Λ the morphism from Proposition
1.1. For each X ∈ C, denote Lk

X = (Λk
X)−1 and for every object A = (Ai)i∈I ∈ CI consider
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the morphism LA =
⊕
i∈I

Li
Ai

:
⊕
i∈I

Ai →
⊕
i∈I

Ai. We see that this is a functorial morphism, as

we have
⊕
i∈I

Li
Ai
◦
⊕
i∈I

fi =
⊕
i∈I

(Li
Ai
◦fi) =

⊕
i∈I

(fi◦Li
Ai

) =
⊕
i∈I

fi◦
⊕
i∈I

Li
Ai

by (iii) in Proposition

1.1 and the functoriality of
⊕

, so we have the commutative diagram:

⊕
i∈I

Ai

⊕
i∈I

Li
Ai

-
⊕
i∈I

Ai

⊕
i∈I

Ai

⊕
i∈I

fi

? ⊕
i∈I

Li
Ai

-
⊕
i∈I

Ai

⊕
i∈I

fi

?

Now taking fi = Li
Ai

in diagram (*) we obtain plΘALAσk = plΘAσkL
k
Ak

and therefore
plΘALAσk = 0 if k 6= l (by Proposition 1.1 (i)) and gives pkΘALAσk = Λk

Ak
◦Lk

Ak
= 1Ak

for
k = l, showing that Θ◦L is the canonical morphism from

⊕
to

∏
so it is an isomorphism,

as L is an isomorphism with inverse L′
A =

⊕
i∈I

Λi
Ai

. �

If C is a category with null (zero) object and the functors
⊕
i∈I

and
∏
i∈I

are isomorphic, then,

by Proposition 1.2 they must be isomorphic by the canonical functor
⊕
i∈I

→
∏
i∈I

. If I is

infinite then we can find an injection of sets N ⊆ I. For an object X of C consider the
family X = (Xi)i∈I with Xi = X for i ∈ N and Xi = 0 for i ∈ I \ N. It is not difficult to
see that the fact that the canonical morphism for this family is an isomorphism implies the
fact that the canonical morphism from X(N) =

⊕
n∈N

X to XN =
∏

n∈N
X is an isomorphism.

By a similar argument we can show that the canonical morphism from X ⊕ Y to X × Y
is an isomorphism, thus for any two objects we have a biproduct of X and Y , so C is an
AMon-category by the remarks in the Introduction.

Proposition 1.3. Let C be an AMon-category with zero object. Suppose the set I is
infinite and the canonical functor from

⊕
i∈I

to
∏
i∈I

is an isomorphism. Then no nonzero

morphism f : X → Y in C is invertible in the monoid Hom(X, Y ).

Proof. Let A be an object of C. Denote by r0, r1 : AN×AN → AN the canonical projections
of AN × AN, by s0, s1 : A(N) → A(N) × A(N) the canonical injections of A(N) × A(N) (× is
the biproduct in C), pn (respectively σn) the canonical projections of AN (respectively
injections of A(N)).
Now consider the following diagram in C:

A
Π

- AN �
Λ

Γ
- A(N) Σ

- A

(1) (2) (3)

A

wwwwwwwwww
Π

- AN
η
- AN ×AN

v

6

�
Λ× Λ

Γ× Γ
- A(N) ×A(N)

u

?

ε
- A(N)

Σ
- A

wwwwwwwwww
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where the morphisms are defined uniquely by the following relations (all canonical):

η : r0η = r1η = 1A(1)
ε : εs0 = εs1 = 1A(2)
Σ : Σσn = 1A(3)
Π : pnΠ = 1A(4)
u : uσ2n = s0σn(5)

uσ2n+1 = s1σn(6)
v : p2nv = pnr0(7)

p2n+1v = pnr1(8)
Λ : pnΛσm = δn,m; Γ = Λ−1 (exists by hypothesis)(9)

rk(Λ× Λ)sl = δk,lΛ, i.e. rk(Λ× Λ)sl = 0 for l 6= k and rk(Λ× Λ)sk = Λ.(10)

with δk,l = 0 if k 6= l and δk,k = id. We see that the diagram is commutative:
Diagram (1):

p2nvηΠ = pnr0ηΠ (by (7))
= pnΠ (by (1))
= 1A (by (4))

p2n+1vηΠ = pnr1ηΠ (by (8))
= pnΠ (by (1))
= 1A (by (4))

showing that pnvηΠ = 1A = pnΠ for all n ∈ N, thus vηΠ = Π by the universal property
of the product. A similar argument shows that diagram (3) is commutative. For diagram
2, we have, for k, l ∈ {0, 1} and n ∈ N:

p2n+kv(Λ× Λ)uσ2n+l = pnrk(Λ× Λ)slσm (by equations (5)− (8))
= δk,l · pnΛσm (by equation (10))
= δnmδkl (by equation 9)
= δ2n+k,2m+l

thus pnv(Λ×Λ)uσm = δn,m = pnΛσm by (9) so Λ = v(Λ×Λ)u. Also, we can see that u, v
are isomorphisms. Indeed, take h0, h1 ∈ Hom(AN, AN) the unique morphisms such that
pnh0 = p2n and pnh1 = p2n+1 and v′ ∈ Hom(AN, AN × AN) the only morphism satisfying
r0v

′ = h0 and r1v
′ = h1. Then v′ is the only morphism having

pnr0v
′ = p2n(11)

pnr1v
′ = p2n+1(12)

Then p2nvv′ = pnr0v
′ = p2n and p2n+1vv′ = pnr1v

′ = p2n+1 by 7, 8, 11, 12 showing that
vv′ = 1 and also pnr0v

′v = p2nv = pnr0 and pnr1v
′v = p2n+1v = pnr1 showing that

v′v = 1. By a similar argument we get that u is an isomorphism, thus Λ = v(Λ × Λ)u
implies that uΓv = Γ×Γ. Then ε(Γ×Γ)η = Γ+Γ and by the commutative diagrams (1),
(2) and (3) we have ΣΓΠ + ΣΓΠ = Σ(Γ + Γ)Π = Σε(Γ× Γ)ηΠ = ΣεuΓvηΠ = ΣΓΠ.
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Now consider the following diagram:

A
η′

- A×A
1A ×Π

- A×AN
1A × Γ

-
�
1A × Λ

A×A(N) 1A × Σ
- A×A

ε′
- A

(1)′ (2)′ (3)′

A

wwwwwwwwww
Π

- AN

g

?

g′

6
................ Γ

-�
Λ

A(N)

h

6

h′

?

................

Σ
- A

wwwwwwwwww

where η′ and ε′ are the canonical morphisms, and g is defined as follows: if x0, x1 are
the canonical projections of A×AN then p0g = x0, pn+1g = pnx1 and g′ such that x0g

′ =
p0, pnx1g

′ = pn+1. Then g and g′ are inverse isomorphisms and g comes from the canonical
equivalence of sets N ∼ N ∪ {∗} which gives an isomorphism A × AN ' AN. h and h′

are defined similarly. By computations similar to the ones above we get that diagrams
(1)′, (2)′, (3)′ are commutative. Then g(1A × Λ)h = Λ so 1A × Γ = hΓg and then

1A + ΣΓΠ = ε′(1A × ΣΓΠ)η′

= ε′(1A × Σ)(1A × Γ)(1A ×Π)η′

= ε′(1A × Σ)hΓg(1A ×Π)η′ (by diagram (2)′)
= ΣΓΠ (by commutative diagrams (1)′ and (3)′)

Now take f : X → Y an invertible morphism with inverse (−f) : X → Y . Then f +
(−f) = 0 and taking A = Y in the previous diagrams, denoting by f ′ = ΣΓΠf we have
ΣΓΠ = ΣΓΠ + ΣΓΠ so we get f ′ = f ′ + f ′ by composing to f . Also by composing
f + (−f) = 0 with ΣΓΠ we get that f ′ is invertible, thus f ′ = 0. As 1A + ΣΓΠ = ΣΓΠ
we get f + f ′ = f ′ by composing to f and then f = 0 (as f ′ = 0). Thus the assertion is
proved. �

Theorem 1.4. Suppose C is an AMon category that has at least one nonzero morphism
f : X → Y that is invertible in the monoid Hom(X, Y ). Then the functors

⊕
i∈I

and
∏
i∈I

are

isomorphic if and only if I is finite.

Proof. It follows by Propositions 1.2 and 1.3. The converse is true, as like in an Ab cat-
egory, the coproduct of a finite family of objects becomes the product as well (biproduct).
�

Example 1.5. Let C be an AMon category and assume that the diagonal functor ∆ : C →
CI has a left adjoint that is also right adjoint, with I an infinite set. Then products and
coproducts indexed by any set of cardinal smaller than I exist and finite products and co-
products are canonically isomorphic [McL]. Define the category D of the objects of the form
H((Xi)i∈I) = ((Xi)i∈I , (

⊕
i∈I

Xi)(N), (
∏
i∈I

Xi)N) with morphisms ((fi)i∈I , (
⊕
i∈I

fi)(N), (
∏
i∈I

fi)N).

It is easily seen that D ↪→ CI×C×C is a subcategory and that D is isomorphic to CI by the
functor H. We show that the functors S =

⊕
and P =

∏
from CI ×C×C = CIt{s,p} to C

are isomorphic on D. Consider an isomorphism θ : CN ' C×CN given by a set equivalence
N ∼ {∗}×N. Then we have a commutative diagram (all the coproduct functors as well as
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the diagonal functors will be denoted simply
⊕

and ∆):

CI ⊕
- C

∆
- CN

⊕
-

�.........
∆
......................................... C

I × C

∆

?

..................

C ×∆
- C × CN

θ

wwwwwwwwww
�.....
I ×∆

.......
I ×⊕

- C × C �.....
∆
...........
⊕

- C

wwwwwwwwwww
The left hand side of the diagram obviously commutes by the definition of θ. The right
part of the diagram commutes when the diagonal functors (dotted arrows) are taken under
consideration, i.e. θ∆ = (I × ∆)∆. But as the coproduct functors are left adjoints to
the diagonal functors, we have that ⊕(I ×⊕) is left adjoint to (I ×∆)∆ and ⊕θ−1 is left
adjoint to θ∆ and therefore the functors (I×∆)∆ and ⊕θ−1 are isomorphic and the right
part diagram commutes.
This shows that the functor CI 3 (Xi)i∈I → (

⊕
i∈I

Xi)(N) ∈ CI (i.e. ⊕∆⊕) is isomorphic

to the functor CI 3 (Xi)i∈I →
⊕
i∈I

Xi ⊕ (
⊕
i∈I

Xi)(N) ∈ CI (i.e. ⊕(I × ⊕)(I ×∆)∆⊕), thus

the functor CI 3 (Xi)i∈I → (
⊕
i∈I

Xi)(N) ⊕ (
∏
i∈I

Xi)N ∈ C is isomorphic to CI 3 (Xi)i∈I →⊕
i∈I

Xi ⊕ (
⊕
i∈I

Xi)(N) ⊕ (
∏
i∈I

Xi)N ∈ C. We obtain that the functor S is isomorphic to the

functor K := H((Xi)i∈I) 7−→ (
⊕
i∈I

Xi)(N) ⊕ (
∏
i∈I

Xi)N on D. Similarly we can show that

R is also isomorphic to K on D. As CI × C × C ' CI and R and S are isomorphic,
by identifying D with a subcategory of CI we obtain that the functors

⊕
i∈I

and
∏
i∈I

are

isomorphic on a subcategory of CI (which is not a full subcategory).

Example 1.6. ”Complete Lattice Monoids”. Let L be the category whose objects are sets
X together with an ”operation” ⊥: P(X) → X which fulfills the general associativity ⊥⋃

(Ai)i∈I =⊥ {⊥ Ai | i ∈ I} and an element 0 ∈ X such that for A ⊆ X, ⊥ A∪{0} =⊥ A
and ⊥ ∅ = 0. For example, complete bounded lattices (L,≤,∨,∧, 0, 1) are objects of this
category when we take (X,⊥, 0) = (L,∨, 0) or (X,⊥, 0) = (L,∧, 1). The morphisms of
this category are functions f : (X,⊥X , 0X) → (Y,⊥Y , 0Y ) such that f(⊥X A) =⊥Y f(A),
∀A ⊆ X and f(0X) = 0Y . For a family of objects (Xi,⊥i, 0i)i∈I we define an object on
the direct product (

∏
i∈I

Xi,
∏

, 0) with ⊥ A = (⊥i pi(A))i∈I for A ⊆
∏
i∈I

Xi and 0 = (0i)i∈I ,

where pi is the projection of the direct product set
∏
i∈I

Xi. It is easy to see that ⊥ and 0

verifies the axioms of L. We can also define injections σi : Xi →
∏
k∈I

Xk, σi(xi) = δi,kxi,

that is, the family having xi on the i-th position and 0k elsewhere. The following are easy
to check:
(i) σi and pi are morphisms in L;
(ii)

∏
i∈I

Xi is both a left and right adjoint to the diagonal functor from L to LI , with σi

being the canonical injections of the coproduct and pi the projections of the product.
(iii) The operation ⊥ allows the introduction of a monoid structure of any Hom(X, Y ),
(f ⊥ g) = (x 7→ f(x) ⊥Y g(x)) with unit 0 = (x 7→ 0).
Thus we have an example of an AMon category where the product and coproduct functors
are isomorphic for an infinite set I. Note that as for every two objects X, Y in L every
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element in the monoid Hom(X, Y ) is idempotent (f ⊥ f = f, ∀f), the only invertible one
here is 0.

2. The module category case

Let R be a (noncommutative) ring. All tensor products without specification will be
considered over R. A coring C is a R−R-bimodule endowed with a coaction ∆ : C −→ C⊗C
and a counit ε : C −→ R such that both ∆ and ε are morphisms of R-bimodules and if for
c ∈ C we denote by c1 ⊗ c2 = ∆(c) the tensor representation of ∆(c) (which is actually a
sum of tensors) then

c11 ⊗ c12 ⊗ c2 = c1 ⊗ c21 ⊗ c22

c1ε(c2) = ε(c1)c2 = c

for all c ∈ C. A C-comodule M is a right R-module together with a right C coaction
ρ : M −→ M ⊗ C such that if for any m ∈ M we denote by m0 ⊗m1 = ρ(m) the tensor
representation of ρ(m) (the Sweedler-Heynemann notation) then

m00 ⊗m01 ⊗m1 = m0 ⊗m11 ⊗m12

m0ε(m1) = m

for all m ∈ M . A morphism between two right comodules is an R-module morphism
f : M −→ M ′, such that for all m ∈ M , f(m)0 ⊗ f(m)1 = f(m0)⊗m1 ∈ M ′ ⊗ C. In this
way the category MC of right comodules over C is introduced.
Denote by ∗C = RHom(C,R); then there is a multiplication on ∗C, defined by (f#g)(c) =
g(c1f(c2)), ∀ f, g ∈ ∗C and c ∈ C. Then the category of right comodules over C is
a subcategory of M∗C : if M ∈ MC, the right ∗C module structure on M is given by
m · f = m0f(m1).
Let I be a set, MR the category of right R-modules and MI

R the direct product category
of MR by itself, indexed by the set I. Denote by δ the diagonal functor from MR to MI

R,
δ(M) = (M)i∈I , a family of copies of M indexed by I.
Let C be a coring. Denote by F the forgetful functor from MC to MR, associating to any
C-comodule M the right R-module M and to a morphism of C comodules f : M −→ N the
morphism of right R-modules f . For any right R-module N we have a right C-comodule
structure on N⊗C given by the coaction n⊗c 7−→ n⊗c1⊗c2, and for any morphism of right
R-modules f : N −→ N ′ we have a morphism of right C-comodules f⊗C : N⊗C −→ N ′⊗C.
Thus we have a functor G(−) = (−) ⊗ C from MR to MC which is right adjoint to the
forgetful functor F (see [BW]).
We recall a few facts on Frobenius Corings, following [BW], ξ27.

Definition 2.1. An R coring is called Frobenius iff there is an R-bimodule map η : R −→
C and a C-bicomodule map π : C⊗C −→ C such that π(c⊗η(r)) = π(η(r)⊗c) = c, ∀ c ∈ C,
equivalently there is an element e ∈ CR = {c ∈ C | rc = cr, ∀ r ∈ R} and the bicomodule
map π such that π(e⊗ c) = π(c⊗ e) = c. (π, e) is called a Frobenius system.

The following theorem (see [BW]) gives the connection between Frobenius functors and
Frobenius corings.

Theorem 2.2. For a coring C the following statements are equivalent:
(i) C is a Frobenius coring.
(ii) The forgetful functor F is a Frobenius functor.
(iii) The forgetful functor CM−→ RM is a Frobenius functor.

The following finiteness theorem is a key point of the application: ([BW],27.9)
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Theorem 2.3. If C is a Frobenius coring, then C is finitely generated and projective as
left and also as right R-module.

Example 2.4. If R is a ring then it becomes an R-coring with the comultiplication ∆ :
R −→ R ⊗ R, ∆(r) = 1 ⊗ r = r ⊗ 1 and ε(r) = r, ∀ r ∈ R. This is the canonical trivial
Sweedler coring associated to the ring R. Then the category of right R-comodules modules
coincides to the category of right R-modules; a right R-module M is a right R-comodule
by ρM : M −→ M ⊗R ' M , ρM (m) = m⊗ 1.

Example 2.5. Let (Ci,∆i, εi)i∈I be a family of corings. Then the bimodule C =
⊕
i∈I

Ci

becomes a coring with comultiplication ∆ : C −→ C ⊗ C, ∆(
∑
i∈I

ci) =
∑
i∈I

∆i(ci) and counit

ε : C −→ R, ε(
∑
i∈I

ci) =
∑
i∈I

εi(ci).

Proposition 2.6. If (Ci,∆i, εi)i∈I is a family of corings and C =
⊕
i∈I

Ci is the coring of

the previous example, then the product of categories
∏
i∈I

MCi is isomorphic to the category

MC of comodules over C.

Proof. A proof a little different from the coalgebra case can be done here (see [DNR]):
given a family of comodules (Mi, ρi)i∈I , where each Mi is a right Ci-comodule, consider the
right R-module M =

⊕
i∈I

Mi, which becomes a right C-comodule by ρ :
⊕
i∈I

Mi −→ (
⊕
i∈I

Mi)⊗

C '
⊕
i,j

Mi ⊗ Cj , ρ(
∑
i

mi) =
∑
i

ρi(mi). It is easy to see that given a family of morphisms

(fi)i∈I , fi : Mi −→ Ni in MCi , the right R-module morphism f =
⊕
i∈I

fi becomes a

morphism of right C-comodules. In this way we have a functor S :
∏
i∈I

MCi −→ MC ,

S((Mi)i∈I) =
⊕
i∈I

Mi. Let now (M,ρ) be a C-comodule and denote by Mi = ρ−1(M ⊗Ci).

We identify the right R-module M ⊗ C with the direct sum
⊕
i∈I

M ⊗ Ci. Denote by ei :

C −→ R the bimodule morphisms defined by ei(
∑
j∈J

cj) = ε(ci) = εi(ci), for all
∑
i

ci ∈
⊕
i
Ci.

First notice that M =
⊕
i∈I

Mi as right modules. Let m ∈ M ; then ρ(m) =
∑
i,j

mij ⊗ cij ,

with cij ∈ Ci, and m · ei =
∑
j

mijεi(cij). We show that m · ei ∈ Mi for all i ∈ I. By

the comultiplication property we have
∑
i,j

mij 0 ⊗ mij 1 ⊗ cij =
∑
i,j

mij ⊗ cij 1 ⊗ cij 2. As∑
j

mij 0 ⊗mij 1 ⊗ cij ∈ M ⊗C ⊗ Ci,
∑
j

mij ⊗ cij 1 ⊗ cij 2 ∈ M ⊗C ⊗ Ci (as cij ∈ Ci) for all i

and M ⊗C⊗C =
⊕
i∈I

M ⊗C⊗Ci, we obtain that
∑
j

mij 0⊗mij 1⊗ cij =
∑
j

mij ⊗ cij 1⊗ cij 2
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for all i. Then

ρ(m · ei) = (
∑

j

mijε(cij))0 ⊗ (
∑

j

mijε(cij))1

=
∑

j

mij 0 ⊗mij 1ε(cij)

=
∑

j

mij ⊗ cij 1εi(cij 2)

=
∑

j

mij ⊗ cij ∈ M ⊗ Ci

showing that m ·ei ∈ Mi. We also have that m =
∑
i

∑
j

mijε(cij) =
∑
i

m ·ei ∈
∑
i

Mi. Now

if mi ∈ Mi and
∑
i

mi = 0, then we have that mi · ej = 0 if i 6= j and mi · ei = mi and

0 =
∑
i

mi ·ej = mj for all j, showing that the sum
∑
i

Mi is direct. Thus we have a functor

F from MC to
∏
i
MCi taking a comodule (M,ρ) to the family of (resp. Ci) comodules

(Mi = ρ−1(M ⊗ Ci), ρi = ρ|Mi : Mi −→ Mi ⊗ Ci)i∈I . If f : M −→ N is a C comodule
morphism then this functor takes f into the family of morphisms (fi = f |Mi)i∈I , as a simple
computation shows that f(Mi) ⊆ Ni and then fi becomes a morphism of Ci comodules from
Mi = ρ−1

M (M ⊗Ci) to Ni = ρ−1
N (N ⊗Ci) (if mi ∈ Mi, then ρM (mi) = mi 0 ⊗mi 1 ∈ M ⊗Ci

so ρN (f(mi)) = f(mi 0)⊗mi 1 ∈ N ⊗Ci, so f(Mi) ⊆ Ni). The previous computations also
show that S ◦ F ' Id. A straightforward argument now shows that the functors F and S
define inverse equivalences of categories. �

Theorem 2.7. The functors
∏
i∈I

and
⊕
i∈I

from MI
R to MR (the product and coproduct of

modules) are naturally isomorphic if and only if I is a finite set.

Proof. It is easy to see that denoting by R̃ the Sweedler coring from example 2.4, we have
MR = MR̃ and then by Proposition 2.6 we have (MR)I ' MR̃(I)

, with the described
R-coring structure of R̃(I). Consider the following diagram:

(MR)I ' MR̃(I)

MR

⊕
?�

F

where F is the forgetful functor. The diagram is commutative, because taking a family of
modules (Mi)i∈I to S((Mi)i∈I) (where S is the functor from the proof of Proposition 2.6)
and then applying the forgetful functor gives the same as taking the direct sum of modules⊕
i∈I

Mi. The diagram shows that
⊕

is Frobenius (thus isomorphic to Π) if and only if F

is Frobenius and this implies that R(I) is a finitely generated R-module by Theorem 2.3,
which is only possible for a finite set I. �

Example 2.8. Following example 1.5, every family of objects in a module category (or any
AMon category) (Mi)i∈I can be completed to the family (Mi)i∈It{∗} that has its product
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and coproduct isomorphic, where M∗ = (
⊕
i∈I

Mi)(N) × (
∏
i∈I

Mi)N. These examples provide a

very large class families modules having their product and coproduct isomorphic.

Example 2.9. Let (Xi)i∈I be a family of nonzero (right) comodules over a coalgebra C

such that Σ =
⊕
i∈I

Xi is a quasifinite comodule. Then
⊕
i∈I

Xi =
C∏

i∈I

Xi, where
C∏

i∈I

is the

product in the category of comodules.

Proof. We have that
C∏

i∈I

Xi = Rat(
∏
i∈I

Xi), where
∏
i∈I

is the product of modules. Suppose

x = (xi)i∈I ∈ P = Rat(
∏
i∈I

Xi) and the set J = {i ∈ I | xi 6= 0} is infinite. Then C∗ · x is a

finite dimensional rational comodule, so it has a finite Jordan-Holder composition series.
For each i ∈ I the canonical projection pi : C∗ ·x → C∗ ·xi is an epimorphism, thus C∗ ·xi

is a rational module (comodule). Consider S a set of representatives for the simple right
modules, and Si a simple subcomodule of C∗ · xi for every i ∈ J . As Σ is quasi finite, we
have that the set S ′ = {T ∈ S | ∃ i ∈ J such that Si ' T} is infinite and for each T ∈ S ′
choose a k ∈ J such that T ' Sk and denote K the set of these k. As for every T ∈ S ′
there is a k and a monomorphism T ↪→ C∗ · xk, it follows then that every Jordan-Holder
composition series of C∗ · x contains a simple factor isomorphic to T . As C∗ · x is finite
dimensional it follows that the set F of simple left C∗ modules appearing as factors in
any Jordan-Holder composition series is finite. But S ′ ⊆ F which is a contradiction to
the fact that S ′ is infinite. Thus x ∈

⊕
i∈I

Xi, and then Rat(
∏
i∈I

Xi) ⊆
⊕
i∈I

Xi and the proof

is finished as the converse inclusion is obviously true. �
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