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Summary. We present a new second order extension of the generalized—a method
of Chung and Hulbert for systems in mechanics having nonconstant mass ma-
trix, holonomic constraints, and/or nonholonomic constraints. Such systems are fre-
quently encountered in multibody dynamics. For variable step—sizes, a new adjusting
formula preserving the second order of the method is proposed.

1 Introduction

The generalized—a method of Chung and Hulbert [2] was originally developed
for second order systems of differential equations in structural dynamics of
the form My"” = f(t,y,y’). In mechanics M € R™ ™ is a constant mass
matrix, y € R™ is a vector of generalized coordinates, y’ € R™ is a vector of
generalized velocities, y”’ € R™ is a vector of generalized accelerations, and
f(t,y,y’") € R™ represents forces. Introducing the new variables z := y’ € R
and a := 2z’ = y” € R™, these equations are equivalent to the semi-explicit
system of differential-algebraic equations (DAEs)

y/:z, Z/:aa O:Ma_f(tvyaz) (1)

Assuming the mass matrix M to be nonsingular, this system of DAEs is of
index 1 since one can obtain explicitly a = M ~!f(t,y,2). The generalized—
a method of Chung and Hulbert [2] for My"” = f(t,y,y’) or equivalently
for (1) is a non-standard implicit one-step method. One step of this method
(to, Yo, 20, a0) — (t1 = to + h, y1, 21, G1+a) With step—size h can be expressed
as follows

* This material is based upon work supported by the National Science Foundation
under Grant No. 0654044.
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h
y1=yo + hzo + 5 (1 =2B)aa +2Bai+a) , (2a)

z1=20 +h((1 —7)aa +va14a) , (2b)
(1 —am)Mar1a +amMaa=(1—oy)f(t1,y1,21) + ay f(to, Yo, 20) , (2c)

see Section 2 for a justification of the notation aq,a144. The generalized—«
method has free coefficients oy, # 1,0y, 08,7. For specific choices of these
coefficients we obtain well-known methods:

e Newmark’s family: a,, =0, ay = 0;
— The trapezoidal rule: 8 =1/4, v =1/2;
— Stormer’s rule: 8 =0, v=1/2;
e The Hilber-Hughes-Taylor o (HHT-«) method [3, 4]:

1 (1-a)? 1
m:07 = —Qy __50 ’ = T > =35 .
@ @ oy € [ 3 } B 1 T=5-o
The coefficients a.,, # 1, ay, 3,7 of the generalized-a method (2) are usually
chosen according to

2000 — 1 Poo 5 (1—a)? 1
Ay = — af = _———, = ) =5 "«
where a 1= a,, — ay and ps € [0,1] is a parameter controlling numerical

dissipation (peo = 0 for maximal dissipation [2]).
In this paper we present extensions of the generalized—« method (2) for
systems having

e Nonconstant mass matrix M (t,y), see Section 3;
e Holonomic constraints g(¢,y) = 0, see Section 4;
e Nonholonomic constraints k(¢,y,y’) = 0, see Section 5.

Such systems are frequently encountered in multibody dynamics [10]. A gen-
eral extension and a convergence result is given in Section 6. For variable
step—sizes, a new adjusting formula preserving the second order of the method
is proposed in Section 7. Some numerical experiments are given in Section 8.
A short conclusion is finally given in Section 9.

2 About the Notation aq, @144

We use the notation a, and aj;4, instead of ay and a; to emphasize the
fact that these quantities should not be considered as approximations to the
acceleration vector a(t) at tp and t; respectively, but at t, := to + ah and
tita:=t1+ah = to+ (1 +a)h respectively where a := oy, — ay. The reason is
that for a solution (y(¢), z(¢), a(t)) and values (yo, z0) satisfying yo — y(to) =
O(h?), zo — z(to) = O(h?), we have
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a11a —a(tire) = O(h?) when a, — a(ty) = O(h?), (3)

whereas we only have a144 — a(t;) = O(h) for @ # 0 and when a,, — a(ty) =
O(h?) or ag — a(ty) = O(h?). This can be seen as follows. We rewrite (2c) as

(1= am)aita + amaa = (L—ap)M " f(t1,y1,21) +ap M~ f(to, yo, 20) - (4)

Since a(t) = M~Lf(t,y(t), z(t)), y1 — y(t1) = O(h?), and z; — 2(t1) = O(h?)

we have
M~ f(t1,y1,21) = alto)+ha (to) +O(h*) , M~ f(to,yo,20) = a(te)+O(h?) .
Hence, for the right-hand side of (4) we obtain
(1= a )M~ f(tr,y1,21) + ay M~ f(to, y0, 20)
= a(to) + h(l — ay)d’ (to) + O(R?) . (5)
Since
a(tive) = alto) +h(1+a)d (t)) +O(h?) , alts) = a(ty) + had' (tg) +O(h?) ,
we have
(1 — am)a(tire) + ama(ts) = a(to) + h(1 — oy, + @)d’ (to) + O(h?) . (6)
Thus, from (4-6), we obtain
(1 —am)(@14a = a(tita)) + am(aa — alta))
= h(—af + am —a)d (to) + O(h?) . (7)

Hence, (3) is satisfied for a = o, — ay.

Choosing the Initial Value of a, for the First Integration Step

Here we give two possible choices for the initial value of a, to be used for the
first integration step. For «,, = 0, for example for the HHT-o method, we
see from (7) that taking a, := ag where Mag = f(to, Yo, z0) still leads to the
estimate aj o — a(ti1a) = O(h?). For a,, # 0 it is better to define a, such
that a, — a(ty) = O(h?), for example implicitly by

Magy = (1 — ) f(to, yo, 20) + af (t1,y1, 21) (8)

as proposed by Lunk and Simeon [7]. Nevertheless, taking a, := ag in fact
does not affect the order of global convergence of the y and z components, see
Theorem 1 in Section 6.
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3 Nonconstant Mass Matrix M (t,y)

We consider M (t,y)y" = f(t,y,y") where M(¢,y) is a nonconstant mass ma-
trix assumed to be nonsingular. These equations are equivalent to the semi—
explicit system of index 1 DAEs

vy =2, 2Z=a, 0=DM(ty)a— f(ty,z2).
A natural extension of the generalized—a method of (2) is to replace (2¢) with
(1 - am)Ml-l—aal-l—a + amMaaa = (1 - af)f(tlu Y1, Zl) + aff(th Yo, ZO)

where
Ml-‘ra ~ M(tl-i—ouy(tl-‘ra)) y Ma ~ M(tou y(ta)) .

For example we can take explicitly
Miyo = M(tira,yo+h(1+a)z0) , My :=Matay—1 or M(ta,yo+ hazo)

where M(114)-1 denotes the matrix M;, used at the previous time-step.
Second order of convergence is a consequence of Theorem 1 in Section 6.

4 Holonomic Constraints g(t,y) = 0

We extend now the generalized—a method to systems having holonomic con-
straints g(t,y) = 0. More precisely we consider

M(t,y)y" = f(t,y, v, A), 0=g(ty).

Using the notation g,(t,y) := g—g(t,y), usually f(t,y,v',\) = folt,y,y’) —
gyT (t,y)\ and the term —g;f (t,y)\ containing algebraic variables A represents
reaction forces due to the holonomic constraints g(¢,y) = 0. Differentiating
0 = g(t,y) once with respect to t we obtain

0=(g9(t,y)) = g:(t,y) + g4 (t,9)y .

Hence, we consider overdetermined systems of index 2 differential-algebraic
equations (ODAESs) of the form

y/:Z7 Z/:a, O:M(t7y)a_f(t7y7z7>\)7
0=g(t,y), 0=g:(t,y)+gy(t,y)z

where we assume the matrix

(M(tvy) =ty 2,0)

g,(t: ) o ) is nonsingular .
y\ly
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_ T : :
When f(t,y,2,\) = folt,y,2) — g, (t,y)A, this matrix becomes

(M(t,y) gf(t,y)>
gy(ty) O
and it is symmetric when M (¢,y) is symmetric. At to we consider consistent
initial conditions (yo, 20, a0, \o), i.e.,

0= DM (to,yo)ao — f(to: Yo, 20: Xo)

O:g(t07 yo) )

Ozgt(th yo) + gy(t07 yO)ZO 9

0=gt:(to, Y0) + 231y(to, Y0)z0 + gyy(to, Y0) (20, 20) + gy(to, yo)ao -
Several extensions of the HHT-a method have been proposed. Cardona and
Géradin [1] analyze a direct extension of the HHT-a method to linear index
3 DAEs. They show that a direct application of the HHT-« method is incon-
sistent and suffers from instabilities. Yen, Petzold, and Raha [11] propose a
first order extension of the HHT-a method based on projecting the solution of
the underlying ODEs onto the constraints (including the index 1 acceleration
level constraints) after each step. More recently, second order extensions of
the HHT-a method and generalized—a method have been proposed indepen-
dently by Jay and Negrut [5] and by Lunk and Simeon [7] assuming additivity

of f(t,y,z,\) = fo(t,y,z)+ f1(t,y, \). Here, we propose a different extension
of the generalized—a method without making this assumption:

h? _
y1=yo + hzo + > (1 =2B)an +2Ba14a) ,(92)

z1=20 + h((1 —=7)aa +7a14a) , (9b)

(1—am)Mita@iia + amMaaa=(1—ay)f(t1,y1, 21, Xl)
+ ay f(to, Yo, 20, Ao) ,  (9¢)

(1 — am)Mitatita + amMaaa = (1 —ayf) f(ti,y1, 21, A1)

+ ay f(to, Yo, 20, Ao) , (9d)
0=g(t1,91) , (9e)
0=g:(t1,y1) + gy(t1,y1)21 - (9f)

When f(t,y,2,A) = fo(t,y,z) — gl (t,y) A we can replace (9c) by

(1= am)Mipa(@r4a — G11a) = (1= ap)gl (t1,90) (A — M) -

Second order of convergence is a consequence of Theorem 1 in Section 6.

5 Nonholonomic Constraints k(t,y,y’) =0

We extend now the generalized—a method to systems having nonholonomic
constraints k(t, y,y’) = 0. More precisely we consider
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M(ty)y" = f(ty,y,¥), 0=k(tyy).

Usually f(t7 Y, ylu Q/J) = fO (t7 Y, y/) - k;f’ (tu Y, y/)¢ and the term _kg’ (t7 Y, y/)i/f
containing algebraic variables 1) represents reaction forces due to the nonholo-

nomic constraints k(¢,y,y’) = 0. Hence, we consider systems of index 2 DAEs
of the form

yI:Z7 ZI:a’ OZM(t’y)a_f(t7y7Z7/¢))7 O:k(t7y’z)7

and we assume the matrix

( M(t,y) —fu(t,y,20)

k.(t,y,2) 0 ) is nonsingular .

When f(t,y,2,9) = fo(t,y,z) — kL (t,y, )1, this matrix becomes

( k]z\{t(,tgf,)z) kI (tby, z) )

and it is symmetric when M (¢,y) is symmetric. At to we consider consistent
initial conditions (yo, 20, ag, Vo), i-€.,

O:M(t07 yO)a’O - f(t07y07 ZOawO) )
O:k(t()vy()vzo) 5
0="F(to, Y0, 20) + ky(to, o, 20) 20 + k= (to, Yo, 20)ao -

We propose the following extension of the generalized—a method

h2
y1=vyo + hzo + 1 ((1 =2B8)aq +2Ba1+q) ,(10a)
zi=2z0+h (1 = 7)aa +va144) , (10b)
(1 — Oém)M1+aazl+Ot + OémMaaa = (1 — O[f)f(tl, Y1, 21, U)l)
+ o f(to, yo, 20, %0) , (10c)
Ozk(tl,yl,zl) . (10d)

Second order of convergence is a consequence of Theorem 1 in Section 6.

6 General Extension and Convergence

We extend now the generalized—a method to systems having a nonconstant
mass matrix M (¢,y), holonomic constraints g(¢,y) = 0, and nonholonomic
constraints k(t,y,3’) = 0. The algebraic variables A are associated with the
holonomic constraints g(¢,y) = 0 and g.(t,y) + g,(¢t,y)y’ = 0 which results
from differentiating g(t,y) = 0 with respect to t. The algebraic variables v
are associated with the nonholonomic constraints k(t,y,y’) = 0. Hence, we
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consider overdetermined systems of index 2 differential-algebraic equations
(ODAES) of the form

y =z, (11a)
M(t7y)zlzf(t7y7z7A7w) ) (11b)
0=g(t.y) . (11c)
and we assume the matrix
M(tvy) _f)\(tvya 2 /\71/’) _f’l,b(tvya 2, /\71/))
gy(t,v) (0] O is nonsingular . (12)
k.(t,y,2) O 0]

When f(t,y, 2, \,¢) = fo(t, v, z)—g;f(t, yY)A—kZL(t,y, 2)1, this matrix becomes

M(t,y) gl(t,y) kL (t,y,z)
gyty) O o
k.(t,y,z) O O

and it is symmetric when M (¢, y) is symmetric. At ¢y we consider consistent
initial conditions (yo, 20, a0, Ao, ¥o), i.€.,

0= M ((to,yo)ao — f(to, Yo, 20, Ao, P0) ,

0=g(to, o)

0=g:(to,Y0) + gy(to,Yo)20 ,

0=Fk(to, Yo, 20)

0=gt¢(to, o) + 29¢y(to, Yo)zo + gyy(to, yo) (20, 20) + gy (to, yo)ao ,
0=Fk¢(to, Yo, 20) + ky(to, Yo, 20) 20 + k= (to, Yo, 20)ao -

We propose an extension of the generalized—a method which does not use
any additive structure of f(¢,y,z, A, ¥). We call it the generalized-a-SOI2
method (SOI2 stands for Stabilized Overdetermined Index 2). Omne step
(t0, Yo, 205 Gy Mo, Y0) > (t1,Y1, 21, G1+a, M1, Y1) with step—size h of the genera-
lized—a—~SOI2 method for (11) can be expressed as follows
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h? .
y1=yo+ hzo+ — (1 —28)an + 20ad1+4) ,(13a)

2
zi=20+h((1 = 7)aa +7@1+a) (13b)
z1=20 +h((1 = 7)aa +7014a) (13¢)

(1 = am) M1 ab1ta + @mMaaa=(1 — o) f(t1, y1, 21, A1, 1)
+ay f(to, Yo, 20, Ao, o) , (13d)
(1 = am)Mitatita + amMaaa = (1 — ayp)f(t1,y1, 21, A1, ¢1)
+ ay f(to, yo, 20, Ao, %0) , (13e)
(

0=g(t1,vy1), 13f)
0=g:(t1,y1) + gy(t1,y1)z1 , (13g)
0=Fk(t1,y1,21) , (13h)
0=k(t1,y1,21) (131)

where M1y o := M(t14a,y0 +h(1+a)z0) and My := M(14q)—1 or M (ta,yo +
hazp). The auxiliary variables 21, @1 4o, Xl, {/;1 are just local to the current step,
they are not propagated. The possibility to replace Jl by 1 in (13d) and to
suppress the equations (13b)-(13h) and the auxiliary variables Z7, {/;1 remains
to be investigated. When f(¢,y, z, A, ¥) = fo(t,y,2) — g;f(t, YA — kL (t,y, 2)
we can replace (13d) by

(1= am)Mita(d14a — a14a) = (1= ap)gy (t1,y1) (A1 — M)
+ (1= ap)kT (tr,y1, 20) (W1 — ) -

Convergence analysis of the generalized—a—SOI2 method is not straightfor-
ward. We have the following convergence result:

Theorem 1. Consider the overdetermined system of DAEs (11) under the
assumption (12) with consistent initial conditions (yo, 2o, ao, Mo, %) at to and
exact solution (y(t), z(t), a(t), \(t),¥(t)). Suppose that a, — a(ty + ah) =
O(h) (e.g., aa == ag), o # 1, ap # 1, 8 #0, v # 0, and r < 1 where
7= |am /(1 — aum)|. Then the generalized-a—SOI2 numerical approzimation
(Yns Zns Gntas An, Un ), see (13), satisfies for 0 < h < hpax and t, —tg = nh <
Const, the following global error estimates

yn —y(tn) = O(A?),  zn — z(tn) = O(K?),
An4a — a(tn =+ Oéh) = O(h2 + Tn(S()) y
An — )‘(tn) = O(h2 + TnéO) y wn - "/J(tn) = O(h’2 + 7’"50)

where 8o := ||ao — ato + )| = O(h). If ay, = 0 or ag — alty + ah) = O(h?)
we have

Apto — a(tn + Oéh) = O(hz) ’ An — /\(tn) = O(h2) ’ 1/}n - 1/}(tn) = O(hz) .
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Theorem 1 remains valid for variable step—sizes, see Section 7. A proof of this
theorem will be given in a forthcoming paper [6]. It is long and technical and
is thus omitted here.

7 Adjustments for Variable Step—Sizes h,,

When applying the generalized—a method with variable step—sizes, the val-
ues apiq and M y,a,1o must be adjusted before each new step in order
to preserve the second order of the method for all components. Consider a
previous step starting at ¢, with step-size h,—1 and a new step starting at
tn = tp—1+hy,_1 with step—size h,,. The value a,,_1 4 used in the previous step
is an approximation of a(t) at t,—1 + ahyp—1 1.6, @n_140 = a(tn—1 + ah,_1).
The value a,, obtained in the previous step is an approximation of a(t) at
tho1+ (1 4+ @)hp—1 =ty + ahp_1 ie., anta = a(t, + ahy,—1). For the current
time-step starting at t,, with step—size h,, we need the value a,, to be an
approximation of a(t) at t,, + ahy, i.e., anta = a(t, + ahy,). By linearly inter-
polating a,—14+4 at t,—1+ah,_1 and an+q at t,+ah,—; and by extrapolating
at t, + ahy, anto can be replaced by

I
Opta i= Qpia +Q (h — 1) (Gnta — Gn-1+a) - (14a)
n—1

Analogously we can replace M, oGn+ta Dy

Mn—i—aan-i-oz = n+aln+q

hy,
+ « (h - 1) (MnJraanJra - MnflJraanflJra) . (14b)

n—1
These adjusting formulas (14) have several advantages:
They are simple to implement;
Their computational cost is almost negligible;

They are valid for ODEs and DAEs;
They preserve second order of convergence.

These modifications are not necessary to preserve the second order of con-
vergence for the y and z components. However, they are recommended since
their computational cost is almost negligible and they allow second order of
convergence for the components a, A, and .

8 Numerical Experiments

8.1 A Nonlinear Mathematical Test Problem

To illustrate Theorem 1 numerically we first consider the following nonlinear
mathematical test problem
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!/
iy _ ([~ 15a
()= (3) 5
yio ye—e PN (2 _
sin(y1 —e')  y1y2 2

e (y122 + 2y221) + e*y1 i — yrzoh — 2 (15b)
e 1(0.5y220 — 2y1 21222 + Yo A?) — y1y22103 + €3t )

0=yg(t,y) =yiy2— 1, (15¢)
0=g:(t,y) + gy(t,y)z = 2p1y221 + Y322, (15d)
0=k(t,y,z) =y12122 + 2. (15¢e)

Observe that this problem is nonlinear in the algebraic variables A\; and ;.
The following initial conditions at to = 0 have been used: y1(0) = 1, y2(0) = 1,
21(0) = 1, 22(0) = =2, A\1(0) = 1, ¥1(0) = 1. The exact solution is given
explicitly as follows: y1(t) = ef, ya(t) = e™2, 21(t) = €', z(t) = —2e~2,
A1(t) = et 91 (t) = et. We have applied the generalized—a—SOI2 method, see
(13), with damping parameter po, = 0.2 and variable step—sizes alternating
between h/3 and 2h/3 for various values of h. Using the adjusting formulas
(14) for aniq and My 4aant+a We observe global convergence of order 2 at
t, = 1 in Fig. 1. Without these modifications a reduction of the order of
convergence to 1 for the components a, A, and i can be observed in Fig. 2.

8.2 A Pendulum Model

As a second numerical experiment we consider the pendulum model in Fig. 3
where we denote y1 := x,y2 := ¥y, y3 := 6. The constrained equations of motion
associated with this model are

/

Y1 21
yé = z22 ) (163)
Ys 23
mO 0 2] 0
0m 0 zé = —mg
2 s
0 Om% 24 —czg—k-(yg—%)

! 0
_ szr?(yg) —L c(l)s(yg) (i;) ., (16Db)
(3) == (5=55083) »
(8) =gqi(t,y) + gy(t,y)z = (Zl + Lsin(ys)zs3 ) ' (164)

22 — L COS(yg)Zg

The pendulum is started from consistent initial conditions corresponding to
y3(0) = 3m/2, 2z3(0) = 10. The parameters used are given in the caption
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» error of generalized—alpha—-SOI2 with variable stepsizes
107 ¢ . —————— . ——————— T

10° F

errors in y,z,a,lambda, and psi
\
4

10° F

10 L L P | L L o L L P
10 10” 10 10°
h

10

Fig. 1. Global errors [lyn — y(tn)ll2 (), 20 —2(ta)ll2 (0), llansa — altn+ah)lls (x),
A = AE) |2 (), |n —(tn)||2 (%) of the generalized—a—SOI2 method (po = 0.2)
at t, = 1 for the test problem (15) with variable step-sizes alternating between h/3
and 2h/3 using the adjusting formulas (14) for ant+a and Mytanta

of Fig. 3. We have applied the generalized-a—SOI2 method, see (13), with
damping parameter po, = 0.2 and variable step—sizes alternating between h/3
and 2h/3 for various values of h. Using the adjusting formula (14a) for a4
we observe global convergence of order 2 at ¢, = 2 in Fig. 4.

8.3 a;, = 0 and Holonomic Constraints: HHT-SOI2

As mentioned in Section 1 the generalized—a method for «,,, = 0 corresponds
to the HHT—a method. In this section we only consider the generalized—a—
SOI2 method for «,, = 0 and systems for which

e The constraints are holonomic 0 = g(t,y);
e Forces are of the form f(t,y,z,\) = fo(t,y,2) — gl (£, y)\.

Note that these two conditions are satisfied by a vast number of multibody
systems. In this situation, denoting a := —ay, 0 := d14q — A14a, and f =
(1 + a)(A1 — A1), the generalized—a—SOI2 method given in (9) becomes
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s error of generalized-alpha—-SOI2 with variable stepsizes
10 . ——————T . —————T

-4

10 ¢

errors in y,z,a,lambda, and psi
\
&

10 10 10 10"

h
Fig. 2. Global errors [lyn — y(tn)ll2 (), 20 —2(ta)l2 (0), llansa — altn+ah)lls (x),
A = AE) |2 (), |n —(tn)||2 (%) of the generalized—a—SOI2 method (po = 0.2)
at t, = 1 for the test problem (15) with variable step-sizes alternating between h/3
and 2h/3 without using the adjusting formulas (14) for anta and MyiaGnta

2
y1=yo + hzo + % ((1 —28)aq +28(a14a + N)) , (17a)
z21=20 + h (1 —7)aa +v0140) , (17b)

Miyad =g} (t1, 107 | (17¢)
Miyaa11a=(1+a)f(ti,y1, 21, A1) — af(to, Yo, 20, Xo) (17d)
0=g(t1,91) , (17e)
0=g:(t1,41) + gy(t1,91)21 . (17f)

Numerical experiments have been carried out based on this method which is
called HHT-SOI2 hereafter. The method HHT-SOI2 is similar in form to the
HHT-13 method proposed in [9] with the following differences:

e The velocity kinematic constraints (17f) has been added to provide con-
straint stabilization; ~

e The equation (17a) has an acceleration correction term d;

e The additional equation (17¢) relates the acceleration correction § to the

algebraic variables 11 associated with the velocity kinematic constraints
(171).



The Generalized—a Method for Constrained Systems in Mechanics 13

Fig. 3. A pendulum model. Parameters used (in SI units): mass m = 5, length L = 2,
spring stiffness £ = 3000, damping coefficient ¢ = 100, gravitational acceleration
g = 9.81. Initial conditions used correspond to 6(0) = 37 /2, 6'(0) = 10

A rigid-body slider crank model shown in Fig. 5 is used here to illustrate
the velocity constraint stabilization. The equations of motion are formulated
using the floating frame of reference formulation [10]. A description of this
model along with initial conditions used in its analysis is provided in [8]. We
have monitored the velocity of the pin connecting the crank to the ground
(point O in Fig. 5) using a step-size h = 2710 = 0.0009765625. Ideally, the
drift of the velocity constraints should be zero. When plotted in a phase plot
one against the other, for the HHT-I3 integrator a limit cycle of magnitude
approximately 1076 can be observed in Fig. 6, while for the HHT-SOI2, as
expected, the plot of Fig. 7 displays a collection of random points that are
within machine precision.

9 Conclusions

The generalized—a method of Chung and Hulbert [2] is extended in this work
to handle the case of nonlinear differential-algebraic equations associated for
example with the time evolution of systems of rigid and/or flexible bodies.
The proposed method, called generalized-a—SOI2 method, where SOI2 stands
for Stabilized Overdetermined Index 2, is second order convergent for sys-
tems having nonconstant mass matrix, holonomic constraints, and/or non-
holonomic constraints. For variable step—sizes, a new adjusting formula pre-
serving the second order of the method is proposed. Numerical experiments
have been carried out to verify these claims. The new extension has the same
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o error of generalized-alpha-SOI2 with variable stepsizes
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Fig. 4. Global errors ||yn — y(tn)|l2 (O), [|2n — 2(tn)|l2 (0), [|An — A(tn)|l2 (+) of the
generalized-a-SOI2 method (pes = 0.2) at t, = 2 for the pendulum test problem
(16) with variable step—size alternating between h/3 and 2h/3 using the adjusting
formula (14a) for an+a

user-adjustable numerical damping parameters associated with the original
generalized—a method. Due to its semi—implicit formulation, early numerical

Fig. 5. Slider crank mechanism
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Fig. 6. Velocity kinematic constraints Fig. 7. Velocity kinematic constraints
violation for HHT-13 satisfaction for HHT-SOI2

results suggest that the new method is more efficient for large mechanical sys-
tems simulation when compared to the current state of the art in numerical
integration of constrained systems in mechanics.
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