Thm: Suppose A;, ¢ = 1,...,n are DISTINCT
eigenvalues of a matrix A. If B; is a basis for the
eigenspace corresponding to \;, then

B =B, U...UB, is linearly independent.

Defn: Suppose the characteristic polynomial of A

* (A ()\ —..()\ — Ap)Fn

where the \;, 2 = 1, ...,n are DISTINCT. Then the
algebraic multiplicity of \; is k;.

That is the algebraic multiplicity of ); is the
number of times that (A — \;) appears as a factor
of the characteristic polynomial of A.

Defn: The geometric multiplicity of \; = di-
mension of the eigenspace corresponding to A;.

Thm (Geometric and Algebraic Multiplicity):

a.) The geometric multiplicity is less than or equal
to the algebraic multiplicity [That is, Nullity of
(M — A) < k).
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b.) A is diagonalizable if and only if the geometric
multiplicity is equal to the algebraic multiplicity
for every eigenvalue.



Inner Product Example: Dot product on R™.
Defn: 7 jar = a1 + a2 + ... + apm

Defn:
The dot product of u = (U3, ..., Un) & Vv = (v1, ..., U, ) 18

In words, u-v is the sum of the products of the corre-
sponding components of u and v.
Note that u - v is a real number (not a vector).

Examples:
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Defn: Let v be a vector in an inner product space V. The

length or norm of v = ||v|| = /2T Z. , VeV *(

“(3’4”':/\[31-!-‘/—; ""A/S,?:‘:— ke PY

Defn: The vector u is a unit vector if ||ul| = 1.
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6.1: Inner Products.

Defn: Let V be a vector space over the real numbers. An
inner product for V is a function that associates a real
number u - v to every pair of vectors, u and v in V such
that the following properties are satisfied for all u, v, w
in V' and scalars c:

Ju-u >0andu-u=0if and only if u=20
A\ vector space V together with an inner product is called

inner product space.

hm 6.1.1": Let V be an inner product space. Then for all

vectors uq,us, v in V' and scalars cq, ca:
Y b 4 /

a.) (ciug + couz)v = v-{ciuy + couy)
=c1(uy - v) + ca(ug - v)



—

Note that is a unit Vector 74 u"\"l—
|| | = — eo{DV
orm Vv nvit v

Create a umt vector in the direction of the vector (3, 4):

Create a unit vector in the dlrectlon of the vector (1, 2):

L2l = ke~ = ]S
L 2

Create a unit vector in the direction of the vector (-2, 1):

G )ll= Jusr =)
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Thus ¢

| Observation:
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Suppose u = (u3,u2) and v = (vy,v9) is a pair of orthog-
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onal unit vectors. Then

> 1s a set of orthogonal unit vectors.
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