Ch 2 partial review:

Recall W is a subspace of R™ (vector space) if W is
closed under scalar multiplication and vector addition.

&{@Sé J\ U'\oéﬂf‘ )
I.e., W is a subspace of R™ if Linear COM<L/“"£

vy, Ve in W implies ¢; vy (Flcave in W.

Note if W is a finite dimensional subspace, then for
some vectors wi,wag, ..., Wy in W: _f.ﬁf

W = span{wi,wa,..., Wi}

= {caiw1 +cowa + ... + Wi | ¢ € R}

— the set of all linear combinations of the vectors
Wi, W2, ..., Wk,

Examples: ‘
= Span gd‘\,J_w A
The column space of A = [a; as ... ay]
= {c1a1 + caz + ... + cpan | ¢; € R}
= {b | Ax = b has at least one solution }

1S a subspace.
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Nullspace of A = solution set of Ax = 0 is a subspace:
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If vy, vo are solutions to Ax = 0, then ¢;vy + cava is

also a solution:

Alei v, ) = Alad)rAGr)
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So  fol'aset b Ax=06+ ;s ol

If v, vg are solutions to Ax = b, then ¢;vq1 + cavy E‘{g_pﬁa

a solution to -
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Ch 5: The eigenspace corre ﬁondlng to an elgem‘;\alég a

A is a subspace. Sol'n get
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Defn: Let W be a subspace of R*. A set T is a basis

for. %% if' | | gm&d novsh
i.) T is linearly independent and <~ (S
ii.) 7 spans W. &= [arje @,,OajA A [6 ¢
>
ILe., 1

T is the smallest collections of vectors that span W.

Basis thm: Let W be a p-dimensional subspace of R™.

i.) If W = span{wy,...,w,}, then {wi,...,wp} is a
basis for W.

ii.) If vq,...,v, are linearly independent vectors in W,
then {vq,...,v,} is a basis for W.

Thm: All basis for a finite-dimensional vector space
have the same number of elements.

Detn:
dim (V) = the dimension of a finite-dim vector sp V
= the number of vectors in any basis for V.

If dim(V') = n, then V is said to be n-dimensional.

rank A = Rank of a matrix A = dimension of Col A
= number of pivot columns of A.

nullity of A = dimension of Nul A
N O = number of free variables.



Rank(A) —I— nulllty(A) — Number of columns of A.

That 1s
-The numk_)ér The ﬁufnber" / The number
. of pivots + of free variables =  of columns
~of A S of A f of A
' — 7

If Rank(A) = 4, then nullity(A) = ;Z -4 = ‘ g >
Ax=0has__ /7] WC’ "] ¢ ({C&? Ozglutions.

Ax = b has 10 ga/n 4, =, #c’%éolutions. T J
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Thm &: If A is a SQUARE in x n matrix, then the following
are equivalent.

a.) A is invertible.

b.) The row-reduced echelon form of A is I,,, the identity
matrix.

c.) An echelon form of A has n leading entries

[Le., every column of an echelon form of A is a leading
entry column — no free variables|. (A square => A has
leading entry in every column if and only if A has leading
entry in every row).

d.) The column vectors of A are linearly independent.
e.) Az = 0 has only the trivial solution.

f.) Az = b has at most one sol’'n for any b.

g.) Ax = b has a unique sol’'n for any b.

h.) Az = b is consistent for every n X 1 matrix b.

i.) Az = b has at least one sol’'n for any b.

j.) The column vectors of A span R".
[every vector in R™ can be written as a linear combination
of the columns of AJ.

k.) There is a square matrix C such that CA = I.
1.) There is a square matrix D such that AD = I.
m.) A’ is invertible.

n.) A is expressible as a product of elementary matrices.



2/ 0.) The column vectors of A form a basis for R".

N . . . . .

L\ [every vector in R™ can be written un1q1‘1f\ly as a linear
combination of the columns of A]. AN

p) COI A — Rn;
dim Col A = n.

q.

rank of A = n.

)
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5.) Nul A = {0},”
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iwu u.) A has nullity 0./ Ar
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Rank(A4) + nullity(A) = Number of columns of A.

Ex. 2) Suppose A is a QXimatrix. 9
If Rank(A) = 4, then nullity(4) =4-Y=©
Ax =0has __ U 1N | 7/ VA solutionk.

Ax =b has a1+  mest onée  solutiong
nNone€ o on €

If Rank(A) = 3, then nullity(4) = 4 -3 =
Ax = 0 has (I K cd/ solutions.
Ax = b has ho ﬁd[h 0{ e, #*szsolutlons
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3.3: Cramer’s Rule, Adjoint, Inverses, Area

Defn: Let A;(b) = the matrix derived from A by re-
placing the i** column of A with b.

Cramer’s Rule: Suppose Ax = b where A is an
n x n matrix such that detA # 0. Then

" detA

Solve the following using Cramer’s rule:
1 2 I1 o 5
3 4| |xo| |6
det =(1)({4) —(3)(2)=4—-6= -2

det | ¢ '4_ — (5)(4) — (6)(2) =20 — 12 =8
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Observe for 2 x 2 case: Ip X = é

ai; a2 | |x1 O  |ap1x1 +aers a2
A21T1 + G22T2  G22

det(AI%(x)) - det(g(b)) o

 det(A) det(I,(x)) = det(A1 (b)) o
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det(A) x1 = det(A;1(b)) -g
t é - 0 L
det (A1 (b)) Le L L ol A
%

Thus z1 = Joi(A)
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Al;(x) = [Aey ... Aej_1 Ax Aeji1 ... Aey) = Aj(b)
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Solve the following using Cramer’s rule:




