Suppose Avy = 0 and Avy = 0, then A(c;vy + cova) =0

NOTE: Nullspace of A = span{ ._/’3 -y /7 }
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2.8 Subspaces of R™.
w

Long definition emphasizing important points:

Defn: Let W be a nonempty subset of R™. Then W is a subspace
of R™ if and only if the following three conditions are satisfied:

S —

ii.) if vq,ve in W, then vy +vg in W,
m—— F _—______—.
! iii.) if v in W, then cv in W for any scalar c.
b4

Short definition: Let W be a nonempty subset of R*. Then W is a
subspace of R™ if v1,va in W implies c;vy + cavg in W,

Note that if S is a subspace, then

if vi,ve,...,vpin S, then ¢1vy +covg + ... +¢,Vy is in S.

Ov=0isin S.

Defn: Let S be a subspace of R*. A set 7 is a basis for S if
i.) T is linearly independent and
ii.) 7 spans S.



Suégpace — Vector Space
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7~ 2.9: Basis and Dlmen

i.)

a.) {

c.) {

T is hnearly independent”and

rl'

, | 4|} is a basis for span{

} is NOT a basis for span{|2 |,

Defn: Let S be a subspace of Rﬁe‘c T is a basis for § if

ii.) T spans S. &) /a.rg..g enovﬂ\ f Span vS

Examples
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Defn: A vector space is called finite-dimensional if it has
a‘gggls consisting of a finite number of vectors. Otherwise,
V is infinite dimensional.

—————

Thm: All basis for a finite-dimensional vector space have the
same number of elements.

Defn: dim(V') = the dimension of a finite-dimensional vec-
tor space V' = the number of vectors in any basis for S. If
dim(V) = n, then V is said to be n-dimensional.
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span S

Ex : Let S= span gzzfﬁ}

()\-e 4ﬁa//oW//Lj‘ Are éG.S(_S'

Sk
; mz%

6, 3120 [




@A Aoes nof span S
@ﬁ ho’lL ,gl‘/) i/]g(e/o






,5;4 tlements tn beasis for
hullgpace = # 4 Lre

2.8 Subspaces of R". ver|
Example: The nullspace of A is the solution set of Ax = 0.
o s - —_—
1 2 3 |
A= 5 GIL 8 'I,Rz 2R1 — R2 Ry — 3R1 — R3 R4 — R1 — 1%4>
3h 79" 19- ) :
\ 2/"’3/") 4/
1 2 3 4 "1 2 3 47
0 1 0 0 »10 1 0 0
01 0 o|fB 2280y 4 o o
0 0 0 O 0 0 0 0.
o ch elon Lorm
1 2 3 47 Mz
N : 2 5 6 8 xo |
Nullspace of A = Solution space of 3 7 9 19 zs | = 0
11 2 3 4] Lzyd

= solution space of

= solution space of
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Examples: Nullspace and Column Space. J .
Let A = [c1,C2,...,Cn], & k X n matrix. / bas w\ p).
&

Defn: The column space of A = span{ci,cz,...,Cn} b
| \’// e’
Thm: The column space of A is a subspace of RF \I

v.
Note: Suppose B is row equivalent to A, then the column space of 94‘
B need not be the same as the column space of A.

) R2—2R1—>R2, R3—-3R1—>R3, R4—R1->R4>
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a a51s‘for the column space of A is { X 2‘
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Note we took the leading entry columns in the ORIGINAL matrix.

Why are we so interested in the column space?

1l 2 3 47 Tz " by
2 5 6 8 2 | b2 0
Does 3 7 9 19 zs | = | bs have a solution?
1 2 3 4_ . L4 _b4_
-1 m 27 " 3] - 4 " by T
2 5 6 2 | b 0
Does 3 z+ 7 To + 9 3+ 19| %4 = bs have a sol’'n?
1 | 2. 3 4 ] L b4
_2_ —bl—
5 bo .
1 + Io = have a solution?
7 b3
| 2 ] L by
rrly 12 "1 2 3 47
in span 4 2 0 = column space of 256 8 7
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1 2 3 47 Fxi] - 97
Example 1: Does e o 6 & Ty | |22 have a sol’n? Y gg
' 3 7 9 12 3 31 '
1 2 3 4] lz] Lol /
"1l 2 3 47 Map’ C 3 / '
2 5 6 8 o | |7 _ O
Example 2: Does 37 9 12| |za| |8 have yéol n’ N/
1 2 3 4] Lzg. | 4] / 7
method for determlmn IF there,is a solytion;
ﬁg r dotergiping & therela o solgtion/ «/74
/”\zﬂ 9 37 "1 02 4 3 | %/ %7 coldmns
2‘( 5} \ 22 7 R 0 1 0 O *
3,[7/,2\3 31 8 0000 [A =
\1/3254 9 4. 000 0 I
Vios u G col X '

Shorter method for determining IF there is a solutlon WHEN you
know a basis for the column space: ;
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rank A Rank of a matrix A = dimension of Col A

= numEer of pivot columns of A

nullity of A = dimension of Nul A = number of free variables.

Solved _Ar=r> fpik EaS(‘J
- )? LT +--=.using
Basis theorem: Let H be a/p—dlmensmnal ubspace of R’“ Sol’n
- wﬁuaf\
i)If H = span{wy, ..., then {w;,...,w,} is a basis for H.
A U@ "A 1‘ p ﬁee 0(’“"0

ii.) If vy, ..., B3re linearly independent vectors in H,

then {vy, ... é is a a81s for H. ’p’;ztz
2 Pan haceas Uy

Rank(A + nullity(A)

ged

= Number of columns of A. |

B

EX 1) Suppose A is a SXEmatrix. R f,;. columhS
- ~4=3
g then nullity(A) = 3 5 @I

R aNK fr= L{

roub
Ax = 0 has f’l '[f n 'L L ﬁglutlons

g r‘%mx —bhas040/n_pr (h Lo teBiutions
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If Rank(A) = 5, then nullity(A) =

Ax = 0 has solutions.

Ax = b has solutions.

If Rank(A) = 5, the column space of A =
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¥

A ) (G- 0t
columns columns ol 7



