
Obvious Lemma: 0 → Cn(A)
i−→ Cn(X)

q−→ Cn(X,A) → 0 is a
short exact sequence.

Thus this short exact sequence induces a long exact sequence:

· · · //Hn(A)
i∗ //Hn(X)

q∗ //Hn(X,A) ∂∗ //Hn−1(A) // · · ·

Example: If A = {p}, then

· · · //Hn({p}) i∗ //Hn(X)
q∗ //Hn(X, {p}) ∂∗ //Hn−1({p}) // · · ·

· · · // 0 i∗ //Hn(X)
q∗ //Hn(X, {p}) ∂∗ // 0 // · · ·

Thus Hn(X, {p}) = Hn(X) for n > 0.

By defn of H0, H0(X, {p}) = H̃0(X).

Thus Hn(X, {p}) = H̃n(X) for all n.

If A ⊂ B ⊂ X , then 0→ Cn(B,A)
i−→ Cn(X,A)

q−→ Cn(X,B)→ 0
is a short exact sequence.

Thus this short exact sequence induces a long exact sequence of the
triple (X,B,A):

· · · //Hn(B,A) i∗ //Hn(X,A)
q∗ //Hn(X,B) ∂∗ //Hn−1(B,A) // · · ·

Note if A is a deformation retract of B, then Hk(B,A) = 0 for all k
and Hn(X,A) ∼= Hn(X,B).
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