
Proposition 1. Let X be a CW complex.

1. Hk(X
n, Xn−1) ∼=

{
0 n 6= k

Z` n = k

where ` is the number of n-cells of X (potentially infinite).

2. Hk(X
n) = 0 if k > n. In particular, if X is finite dimen-

sional, then Hk(X) = 0 for k > dimX.

3. The inclusion i : Xn ↪→ X induces

isomorphisms i∗ : Hk(X
n)→ Hk(X) for k < n.

Proof. a.) Hk(X
n, Xn−1) ∼= Hk(X

n/Xn−1) ∼= ∨Sn

b.) Hk+1(X
n+1, Xn) //Hk(X

n−1) //Hk(X
n) //Hk(X

n, Xn−1)

and Hk(X
0) = 0 for k > 0 and for k 6= n, Hk(X

n−1) ∼= Hk(X
n).

Given a CW complex X , HCW
n (X), cellular homology, is the ho-

mology of the chain complex

· · · //Hn+1(X
n+1, Xn)

dn+1//Hn(Xn, Xn−1) dn //Hn−1(X
n−1, Xn−2) // · · · .

Note that Hn(Xn, Xn−1) = CCW
n (X)

dn(enα) =
∑

β dαβe
n−1
β where

dαβ is the degree of the map Sn−1α −→ Xn−1 → Sn−1β
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Theorem 1.HCW
• (X) ∼= H•(X).

The following computations follow.

H•(Σg) ∼= Z(0) ⊕ Z2g
(1) ⊕ Z(2)

H•(Ng) ∼= Z(0) ⊕ (Zg−1 ⊕ Z/2)(1)

Hk(RP n) ∼=


Z if k = 0 and if k = n is odd,

Z/2 if k is odd and 0 < k < n,

0 otherwise.

Hk(Lm(`1, . . . , `n)) ∼=


Z if k = 0 or 2n− 1,

Z/m if k is odd and 0 < k < 2n− 1,

0 otherwise.

Defn: a Moore space, denoted by M(G, n), is a simply connected

CW complex X satisfying Hn(X) = G and H̃i(X) ∼= 0 for i 6= n.

Example: If G is finitely generated, let X = (∨Sn) ∪ (ten+1
α ).

Theorem 2. For finite CW complexes X, the Euler character-
istic is

χ(X) =
∑
n

(−1)n rankHn(Xn, Xn−1) =
∑
n

(−1)n rankHn(X).

For example,

χ(Σg) = 2− 2g, χ(Ng) = 2− g.
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