
g(t) =

{
0 t < 4
2 4 ≤ t < 10
t t ≥ 10

Hence g(t) = 2u4(t) + (t− 2)u10(t)

Solve 3y′′ + y′ + y = 2u4(t) + (t− 2)u10(t),
y(0) = 0, y′(0) = 0.

3L(y′′) + L(y′) + L(y) = L(2u4(t)) + L((t− 2)u10(t))

Thm: L(uc(t)f(t− c)) = e−csL(f(t)).

Thus L(uc(t)f(t)) = .

3[s2L(y)− sy(0)− y′(0)] + sL(y)− y(0) + L(y)
= e−4sL(2) + e−10sL((t+ 8))

3[s2L(y)] + sL(y) + L(y) = 2e−4sL(1) + e−10sL(t) + 8e−10sL(1)

L(y)[3s2 + s+ 1] = e−4s 2
s + e−10s 1

s2 + e−10s 8
s

L(y) = e−4s 2
s[3s2+s+1] + e−10s 1

s2[3s2+s+1] + 8e−10s 1
s[3s2+s+1]

y = 2L−1(e−4s 1
s[3s2+s+1] ) + L−1(e−10s 1

s2[3s2+s+1] )

+8L−1(e−10s 1
s[3s2+s+1] )
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y = 2u4(t)f(t− 4) + u10h(t− 10) + 8u10f(t− 10)

where f(t) = L−1( 1
s[3s2+s+1] ) and h(t) = L−1( 1

s2[3s2+s+1] )

1
s[3s2+s+1] =

A
s + Bs+C

3s2+s+2

1 = A(3s2 + s+ 1) + (Bs+ C)s

0s2 + 0s+ 1 = (3A+B)s2 + (A+ C)s+A

0 = 3A+B, 0 = A+ C, 1 = A

Hence A = 1, B = −3A = −3, C = −A = −1

f(t) = L−1( 1
s[3s2+s+1] )

= L−1( 1s + −3s−1
3s2+s+1 )

= L−1( 1s + −3s−1
3s2+s+1 )

= 1 + L−1( −3s−1
3[s2+ 1

3 s+
1
3 ]
))

= 1 + L−1( −3s−1
3[(s2+ 1

3 s+ )− + 1
3 ]
)

= 1 + L−1( −3s−1
3[(s+ 1

6 )
2− 1

36+
1
3 ]
)

= 1 + L−1(
−3(s+ 1

3 )

3[(s+ 1
6 )

2+ 11
36 ]

)

= 1 + L−1(
−(s+ 1

6−
1
6+

1
3 )

[(s+ 1
6 )

2+ 11
36 ]

)
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= 1 + L−1(
−(s+ 1

6+
1
6 )

[(s+ 1
6 )

2+ 11
36 ]

)

= 1 + L−1(
−(s+ 1

6 )

[(s+ 1
6 )

2+ 11
36 ]

+
− 1

6

[(s+ 1
6 )

2+ 11
36 ]

)

= 1 + L−1(
−(s+ 1

6 )

[(s+ 1
6 )

2+ 11
36 ]

+
− 1

6
6√
11

√
11
6

[(s+ 1
6 )

2+ 11
36 ]

)

= 1 + L−1(
−(s+ 1

6 )

[(s+ 1
6 )

2+ 11
36 ]

+
− 1√

11

√
11
6

[(s+ 1
6 )

2+ 11
36 ]

)

Thm: L−1(F (s− c)) = ectL−1(F (s))

= 1 + e−
1
6 tL−1( −s

[s2+ 11
36 ]

)− 1√
11
e−

1
6 tL−1(

√
11
6

[s2+ 11
36 ]

)

= 1− e−
1
6 tcos

√
11
6 t− 1√

11
e−

1
6 tsin

√
11
6 t

h(t) = L−1( 1
s2[3s2+s+1] )

1
s2[3s2+s+1] =

As+D
s2 + Bs+C

3s2+s+2

1 = (As+D)(3s2 + s+ 1) + (Bs+ C)s2

0s3+0s2+0s+1 = (3A+B)s3+(A+3D+C)s2+(A+D)s+D

0 = 3A+B, 0 = A+ 3D + C, 0 = A+D, 1 = D.

Hence D = 1, A = −D = −1, C = −A − 3D = 1 − 3 = −2,
B = −3A = 3.
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1
s2[3s2+s+1] =

−s+1
s2 + 3s−2

3s2+s+1 = −s
s2 + 1

s2 +
3(s− 2

3 )

3[(s+ 1
6 )

2+ 11
36 ]

= −1
s + 1

s2 +
(s+ 1

6−
1
6−

2
3 )

[(s+ 1
6 )

2+ 11
36 ]

= −1
s + 1

s2 +
(s+ 1

6−
5
6 )

[(s+ 1
6 )

2+ 11
36 ]

= −1
s + 1

s2 +
(s+ 1

6 )

[(s+ 1
6 )

2+ 11
36 ]

−
( 5
6 )(

6√
11

√
11
6 )

[(s+ 1
6 )

2+ 11
36 ]

= −1
s + 1

s2 +
(s+ 1

6 )

[(s+ 1
6 )

2+ 11
36 ]

−
( 5
6 )(

6√
11

√
11
6 )

[(s+ 1
6 )

2+ 11
36 ]

= −1
s + 1

s2 +
(s+ 1

6 )

[(s+ 1
6 )

2+ 11
36 ]

−
5√
11

(
√

11
6 )

[(s+ 1
6 )

2+ 11
36 ]

h(t) = L−1( 1
s2[3s2+s+1] )

= L−1(−1
s + 1

s2 +
(s+ 1

6 )

[(s+ 1
6 )

2+ 11
36 ]

−
5√
11

(
√

11
6 )

[(s+ 1
6 )

2+ 11
36 ]

)

= −1 + t+ e−
1
6 tcos

√
11
6 t− 5√

11
e−

1
6 tsin

√
11
6 t

Hence the final answer is

y = 2u4(t)f(t− 4) + u10h(t− 10) + 8u10f(t− 10)

= 2u4(t)[1−e−
1
6 (t−4)cos

√
11
6 (t−4)− 1√

11
e−

1
6 (t−4)sin

√
11
6 (t−4)]+

u10[−1+t−10+e−
1
6 (t−10)cos

√
11
6 (t−10)− 5√

11
e−

1
6 (t−10)sin

√
11
6 (t−10)]

+8u10[1−e−
1
6 (t−10)cos

√
11
6 (t−10)− 1√

11
e−

1
6 (t−10)sin

√
11
6 (t−10)]
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