Thm: Suppose c1¢1(t) 4+ cap2(t) is a general solution
to
ay" +by" +cy =0,

If v is a solution to
ay” + by’ +cy = g(t) [*],

Then v + c191(t) + ca¢2(t) is also a solution to [*].

Moreover if v is also a solution to [*|, then there exist
constants c1, co such that

¥ =1+ c191(t) + caga(t)

Or in other words, ¥ + c1¢1(t) + co¢2(t) is a general
solution to [*].

Proof: Let h = c1¢1(t)+ca¢2(t). Since h is a solution
to the differential equation, ay” + by’ + cy = 0,

Since 1) is a solution to ay” + by’ + cy = g(t),



We will now show that ¥ + c1¢1(t) + cagp2(t) =+ h
is also a solution to [*].



Since 7 a solution to ay” + by’ + cy = g(t),

We will first show that v — 1) is a solution to the
differential equation ay” + by’ + cy = 0.

Since v — v is a solution to ay”’ + by’ + cy = 0 and

c1¢1(t) 4+ cago(t) is a general solution to
ay” + by + cy =0,

there exist constants c;, co such that
Y- P =

Thus v =9 + c191(¢) + c202(%).
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Thm: Suppose that f7 is a a solution to ay” + by’ +
cy = g1(t) and f5 is a a solution to ay” + by’ + cy =
g2(t), then fi + fo is a solution to ay” + by’ + cy =
g1(t) + g2(t)

Proof:

Since f; is a solution to ay” + by’ + cy = g1 (1),

Since fo is a solution to ay” + by’ + cy = g2 (1),

We will now show that f; + f2 is a solution to ay” +
by’ +cy = g1(t) + g2(t).

Sidenote: The proofs above work even if a, b, c are
functions of ¢ instead of constants.
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Examples:

Find a suitable form for 9 for the following differen-
tial equations:

1.) " — 4y — 5y = 4e*

2.) y" — 4y’ — by = 4sin(3t)

3.) y — 4y —5y=12—2t+1

4.) y" — by = 4sin(3t)

5.) Y — 4y =t -2t +1

6.) v/ — 4y — by =4(t* — 2t — 1)e*



7.) v — 4y — by = 4sin(3t)e?!

8.) vy — 4y’ — by = 4(t* — 2t — 1)sin(3t)e*

9.) vy’ — 4y’ — by = 4sin(3t) + 4sin(3t)e*

10.) y"” — 4y’ — by
= 4sin(3t)e?t + 4(t? — 2t — 1)e?t + 42 -2t — 1

11.) y"” — 4y’ — by = 4sin(3t) + 5cos(3t)

12.) oy — 4y’ — by = 4e !



To solve ay” + by’ + cy = g1(t) + g2(t) + ...gn (t) [**]

1.) Find the general solution to ay” + by’ + cy = O:
c1P1 + C2¢2

2.) For each g;, find a solution to ay” + by’ + cy = g;:
Uy

The general solution to [**| is

C1P1 + CoP2 + Y1 + P2 + ..y



