Randell 2.1
Let pe M.
Suppose g; : U; — N, where p C UP" C M.

g1 ~ g2 if AV such that p € V.C U1 NU; and ¢1(x) = g2(x)
Ve eV.

The equivalence class [g] is a germ.

G(p,N) = {[g] | g°™°°"" : U — N, for some U°P°" such
that pe U C M}

G(p) =G(p,R)

G(p) is an algebra over R.

Let a: I — M where I = an interval C R, «(0) = p.
Note [a] € G[0, M]
Directional derivative of [g] in direction [a] =

d(g o a)

= 0 €R
ad dt ’t 0

Note D, : G(p) — R is linear and satisfies the Leibniz
rule.

Boothby 2.4
Ta(R") ={(a,x) | x e R"}, ¢(ax) =x —a

canonical basis {Fia = ¢ 1(e;) | i =1,...,n}

Let ae€ R"

Suppose f: X C R®™ — R where a C X°P°" C M.
fr~gif UP" st. ac U and f(x) = g(x)Vx € U.

Let C®(a) ={f: X CR" >R e C*®|acdonf}

fi : U — R € C*®(a) implies f1 + fo : U1 NUz — R €
gzggg, afi U >R eC®(a),and fife : U1NU; — R €

Thus C*°(a) is an algebra over R

Let Xa = E?:j[iiEia
Xr:C®@)— R

Xi(f) = E?:lfig—ama = directional derivative of f at a in

the direction of Xj.
Let 2 : R" = R, 2(x) = 2; Xj(7) = 50,6550 =&

X} is linear and satisfies the Leibniz rule.



Let T,(M) = {v : G(p) — R | v is linear and satisfies the
Leibniz rule }

If v eT,(M) is called a derivation
Da < TP(M)

T, (M) is closed under addition and scalar multiplication
and hence is a vector space over R

Find a basis for T, (M):

Let (U, ¢) be a chart at p such that ¢ : UP¢"™ — ¢(U)°Pe™ CJj}
R™ is a homeomorphism, ¢(p) =0 € R™

0 € ¢(U)°P™ implies e > 0 such that B.(0) C ¢(U)
Thus if ¢t € (—¢,€), then (0,...,t,...,0) C ¢(U).
Define «; : (—e,€) — M, a;(t) = ¢ (0, ..., ¢, ..., 0)
Let v; = D,,.

Claim: {v1,...,vp} is a basis for T,,(M).

Let D(a) = {D : C>*(a) — R | D is linear and satisfies
the Leibniz rule }

D € D(a) is called a derivation
X5 €D(a)

D(a) is closed under addition and scalar multiplication and
hence is a vector space over R

Let j : Ta(R") — D(a), j(Xa) = X3

a

Claim: j is an isomorphism.
Let Xa =37 1§ Bia and Za = X7 (i Eja
j is a homomorphism.

jis 1-1:
: : * n Omj | _ ¢

If](Xa) = ](Za)a then Xa(xj) = 21:151'3—% a=¢& =( =

Zg ()

j is onto: Let D be a derivation.

Suppose f(x) =1. Then Df = 0 by product rule.

Suppose g(x) = c¢. Then Dg = D(cf) =cDf =0

Let hi(x) = x;. Let & = Dh;. Then D = X} where
Xa =27 1§ Eia (proof: long calculation, see Boothby).

Note since X2 (f) = Z?:lgig_JJaa J(Eia) = Eia* = %‘37



