Ex: P*(R) = RP" = RP" = (R""! — {0})/(x ~ tx)

= n-dimensional real projective space is a smooth manifold.
Claim: RP" is 2nd countable.

We will use
Lemma: If ~ is open and if X has a countable basis, then X/ ~
has a countable basis.

[We will define a map which takes y € [x] to ty € [x] ]
Let ¢ : R — {0} — R""! — {0}, ¢;(x) = tx.

¢ 1s invertible with inverse ¢, L= ¢ 1.

Since ¢, and ¢; ' are C' (as well as C™), ¢, is a homeomorphism.
Let U be open in R"™! —{0}. Then ¢;(U) is open in R —{0}.
Thus 71 ([U]) = Uier®:(U) is open in R**! — {0}.

Thus [U] is open in RP"™. Hence ~ is open.

Since R" is 2nd countable, RP" is 2nd countable.

Claim RP" is Hausdorff

We will use
Lemma: Let ~ be open. Then {(x,y) | x ~ y} is closed in X x X
iff X/ ~ is Hausdorff.

[We will show that {(x,y) | = ~y} = f~1({0}) for some contin-
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uous function f. z ~ y implies z; = ty;. Thus % = = Hence
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z;y; — yix; =0 for all 7, 5.



Let f: R*""! — {0} x R"™! — {0} — R,
f(xla vy Ly Y1, ---,yn) — Zl#](xlyj — yixj)Q‘

fis C*! (all partials of f exist and are continuous). Thus f is
continuous.

Suppose y = tx, then
f($1, cees Ty Y1, ...,yn> = Zi;éj(a:itxj — twil'j)Q = 0.

Suppose f(T1, oo Ty Y1y ooy Yn) = Zizj (T3y; — yiw;)? = 0. Then
x;y; —y;x; = 0 for all 4, j. Since x # 0, there exists g such that

zi, 7 0. Thus y; = 2272; and y = 22x. Hence x ~ y.
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Hence f~1({0}) = {(x,y) | = ~ y}. Since f is continuous and
{0} is closed in R, {(z,y) | * ~ y} is closed in R"™1 — {0} x
R"! — {0}. Thus R*""! — {0}/ ~ is Hausdorff.

We will show that RP"™ is locally Euclidean by finding a (pre)
atlas:

Let V; = {z € R™' — {0} | z; # 0} ¢ R**! — {0}

Let F; : V; — R"™, Fi(xl, ...,an_|_1) = (x_: x_z xi_'l 5137;-1-1’“., M)I

' _ (tx1 txg tri—1 txiq1 1Tni1
F@(tx>_(txi’t:ci7"" te; 7 tx; 777 tx; )
_ (1 X2 Li—1 Li41 LTn+1\ __ .
_(wi’xi""’ x; P ox; P x4 )_FZ(X)

Let U; = ©(V;) Then ¢; : U; — R", ¢;([x]) = F;(x) is well-
defined.



Claim: (¢;,U;) is a chart.
Subclaim 1: U; is open in RP".

Y (U;) = 77 H(n(V;)) = Vi [by set theory]. Hence U; is open in
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RP™.
Subclaim 2: ¢(U;) is open in R".
Claim: ¢; is onto.

Let (z1,....,xn) € R™. ¢;([(x1, -y ic1, L, xi, ., xn]) = (21, 0y Tp).
Thus ¢; is onto.

Since ¢(U;) = R™ , ¢(U;) is open in R™.
Subclaim 3: ¢; is a homeomorphism.

Claim: ¢; is continuous.

Let V be open in R".
Since F; € O, F,'(V) is open in R**! — {0}.

mlo¢; (V)= F (V). Thus ¢; (V) is open in U; and ¢; is

1
continuous.
Claim: ¢; is 1:1.

If ¢i([x]) = ¢i([y]), then 3> = Z for all j. Thus y; = ¥ ; and
thus y = £x. Thus ¢, is 1:1.
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Since ¢; is 1:1 and onto, gbz-_l exists.



Claim: ¢; ' : R"” — RP" is continuous.
qbi_l(xl, s Tyy) = (1, ey i1, L, oy )]

Let fz R" — Rn+1, fz(X) = (561,...,$i_1,1,$7;, ,CUn) fz 18 Cl

and hence continuous.

o f(x) = [(x1, ., Ti1, 1, T4, o0y )] = &5 (21, 00y T1r).

Since m and f are continuous, ¢, 1. R” — RP" is continuous.
Thus (¢;,U;) is a chart.

Claim: {(¢;,U;) | i=1,...,n+ 1} is a (pre) atlas for RP".
R — {0} = U™V, Thus RP™ = U U,

Claim: ¢ 0 ¢; "' : ¢;(U; NU;) — ¢;(U; NU;) is smooth.
Suppose j < 1.

gbj(gbi_l(xl? 733?1)) — ¢j([x17 ey Li—1, 1733%'7 7xn])

(5131 Ti—1 1 x; xn)
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Since all the components of ¢; o ¢, I are rational functions with
non-vanishing denominators (0 is not in the domain of ¢, o ¢; '),
¢; o ¢;  is smooth.

Similarly ¢; o ¢; ! is smooth when j > .

(]

Thus {(¢;,U;) | ¢ = 1,....,n+ 1} is a (pre) atlas for RP"™, and
RP" is a smooth manifold.



