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Solve3 &IVP

r? +1 =0 implies r* = —1. Thus r = +i,

Since r =0+ 1i,}y = kicos(t) + kgsin(tﬁThen Y = —kysin(t) + kacos(t)
y(0) = —1: —1 = kycos{0) + kysin(0) implies —1 = &;

y'(0) = —3: -3 = —kysin implies —3 = ky
Thus IVP solution: y = —cos{t) — 3sin(t)

When does the following IVP have a unique solution: 3 B

IVP: ay” + by + cy =0, y(to) = %o, ¥'{to) = 1.

Suppose y = c1¢1{t) + caga(t) is a solution to ay” + by’ + cy = 0. Then ¢ = ¢1¢(t) + cadh(E)
y(to) = yo: Yo = c1¢1(to) + ca2(to)

Y (to) = y1t 1 = a1 (fo) + cadhy(to)

To find IVP solution, need to solve above system of two equations for the unknowns ¢; and c;.

Note the IVP has a unique solution if and only if the above system of two equations has a unique solution
for ¢; and es.

Note that in these equations ¢; and c; are the unknowns and yo, &1 (o), 2(%0), ¥, ¢;(to), ¢s(to) are the
constants. We can translate this linear system of equations into matrix form:

} agi(to) +cagalto) =20 . . ¢1(to) d2(to) | [er] _ [wo
a1 (to) + cady(to) = 11 implics 1 (to) ¢'z(t0)] [62] B ['yl

__....——=f ——
Note this equation has a unique solution if and only if det [(‘6,1 (to) ¢,2 (to)] = ¢,1 ¢,2 = P10 — P # 0
— 1(ta)  5(to) 1 @

Definition: The Wronskian of two differentia
W(qb]_, ¢2) =

Examples:

(
1.) Wronskian of/cos(t), sin(t) = cos?(t) + sin*(t) = 1> 0. “S ‘5&", 0
‘ | —sin cos(t S p.
deﬂrd“ éo [l *’j

e®cos(nt) esin(nt) to b‘

2.) Wronskian of e%cos(nt), e%sin{nt) = decos(nt) — ne¥sin{nt) de®sin{nt) + ne® cos(nt)|

= e%cos(nt)[de? sin(nt) + ne¥cos(nt)] — e*sin(nt}[decos(nt) — ne

sin(nt)]
= e*®{cos(nt)[dsin(nt) + ncos(nt)] — sin(nt)[deos(nt) — nsin(nt)))
= e*(dcos(nt)sin(nt) + ncos(nt)] — dsin(nt)cos(nt) + nsin?(nt)]) A .

= ¥ (ncos®(nt) + nsin?(nt)) = ne®(cos?(nt) + sin?{nt)) = ne?¥ > 0 for all ¢.

r=d+in |, delR, n3o



Solve: y" +y =0, y(0) = —1, /{0) = -3
72 +1 =0 implies 7 = —1. Thus r = +i.

——
RECOMMENDED Method:
Since r = 0+ 14, y = kicos(t) + kasin(t)
Then y' = —kysin(t) + kacos(t)
y{0) = —1: —1 = kyc08(0) + kosin(0) implies —1 = k;
y'(0) = —3: —3 = —ky18in(0) + kacos(0) implies —3 = k;
Thus IVP solution: y = —cos(t) — 3sin(t)

NOT RECOMMENDED: work with y = cie + e
y = icie? — depe

y(0) = —1: —1 = c1€° + cp€” implies —1 = ¢; + ¢o.

37\ y'(0) = =3: =3 =ic;e® — icye® implies —3 = i¢; — ics.
—1i = icy +icy.

‘}1;\ —3 =ic;, — icy.
: ~3i—-42 __ 3i—1
\~\ 2ic; = —3 — 1 implies ¢; = ~75* = =
i2 —3i—1

070 %cy = 3 — i implies ¢y = ¥ — =34

\ Euler’s formula: e® = cos(z) + isin{z)

<r.°_

)
(31 [cos(t) + isin(t)] + (=2=1)[cos(t) — isin(t)

2
= ()igin(t) + (F)cos(t) + ()isin(t) +

; (
~(3)sin(t) — (3)cos(t) — (§)sin(t) — (3)cos(t)
[ = —3sin(t) — leos(t)

= (2)cos(t) + (L)isin(t) + (F)cos(t) + (T isin(t) + (52 )cos(t) —
(

= (3)e? + (Bl )e ¥ = ( 811 [cos(t) + isin(t)] + (=2=2)[cos(—t) + isin(—t)]

=2 Visin(t) + (S )cos(t) — (5 )isin(t)
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