A very elementary introduction to proofs
Part 2

Example: Prove a function is not 1:1

By Dr. Isabel Darcy,
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Some notation:

vV = for all ~ = ”67“'%/0'\
L S

- = there exists

’ L .
s = unique

! 3 | = there exists a unique

TFAE =The following are equivalent



[p = ¢] is equivalent to [Wp, ¢ holds].

That is, for everything satisfying the hypothesis p,
the conclusion ¢ must hold.

f: A Bis 1:1iff

(1) = f () impliesCz, = 1)

f:A— Bis 1:1iff
V21 and ¥z, such that f(x) = f(x2),

we have 1 = x9.

How do we prove a function is NOT 1:1



A statement is false if the hypothesis holds, but the
&onclusion need not hoId.]

TFAE (The following are equivalent):

—_—

Hypothesis does not implie@

_p does not imply@
p7q.

It is not true that Vb, q holds.
Tp such that ¢ does not hold.

That is there exists a specific case where the
hypothesis holds, but the conclusion does not hold.




~ |p = ql is equivalent to ~ [Vp, g holds].
Thus if p = q is false,

then it is not true that [Vp, ¢ holds].

That is, Ip such that ¢ does not hold.



To prove that a statement is false:

Find an example where the hypothesis holds, but
the conclusion does not hold.

f:A— Bis11iff
Va1 and Vasuch that f(x1) = f(x2),

we have 1 = x9.

Ex: To prove a function is not 1:1, find specific
r1, Ty such that \i(acl) = f(22)) but@; # :L‘QS

[




Ex: To prove a function is not 1:1, find sgeg!iic
w1, x9 such that f(z1) = f(z2), but 1 # xs.

Ex: f @—) R, f(x) = z* is not 1:1
Proof: +

-

- |

f(1)=12=1=(-1)> = f(~1), but 1 # —?\

— ;O\ k= Daes Aere ey st Xﬁ

st —X # X



LC ontrapositive me — "~ p).

Example: The contrapositive of

/j(xl) = f(scgl/i.mplie@

IS

71 + xglimpliesf\(a:l) + f(@

Example: The contrapositive of
(_Z’n,(scl) = ln(x@/implies(xl = .5172.}
IS

Tl F xg!implieslln(.:vl) # ln(.cvg))




The contrapositive of a theorem is true:

If{p = g IS true, then

its contrapostiveLw q =~ plis also true.

==/

If the conclus%n?g does not hold,
L— .
then the hypothesis p cannot hold,

If 21 # x5 then in(x;) # In(x,) -
L_l\% [ - sinc%f(fﬁ) = In(x) is 1:1.

Sidenote: The converse of [p = q| is [¢ = p].

== =>

The converse of a theorem need not be true.

That @ does not impl@



FAE:

» f: A— Bis 1:1.

> [f(:cl) = f(.:z:ﬂ implies x; = x. |

> !Il = I% imp“eSLf(Il) 7 f(IQ);;
> Wi, # 2y {(@“1) 7 flx2).,

= Eind X #
f:A— BisNOT 1:1 iff2 Find X 2 1

=x1 # x5 such that f(x1) = f(x2).
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