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LINEAR COMBINATION

p is a linear combination of {by, by, -, by} iff
there exists ¢; such that

P = Clbl Czbz Cnbn

Example 1:
Let by = (1,0,0), by = (0,1,0), bg = (0,0, 1).

(1,2, 3) is linear combination of
£(1,0,0),(0,1,0), (0,0,1)}

since (1,2,3) = 1((1,0,0) + 2(0, 1,0) + 3(0,0, 1)



LINEAR COMBINATION

p is a linear combination of {by, by, -- . by} iff
there exists c¢; such that

p = c1by + coba 4+ ... 4+ ¢, by

Example 2: Let by = 1, by =t, by = ?
Then 1+ 2t + 3t is a linear combination of {1,1, t2}

Sidenote: (1,2,3) can be used to represent the
polynomial 1 + 2t + 3t°.

Sidenote = we won't need this for this class.



EXISTENCE

p is in span{by, ba,--- by} iff there exists ¢;
such that

P = Clbl -+ Cgbz + ...+ Cnbn

Example: span{1,t,t*} = polynomials of degree at
most 2.

A polynomial p(t) is in the span of {1,¢,¢*} if and
only if there exists a solution for a, b, c to the
equation

p(t) = a+ bt + ct’



EXISTENCE
Example 1: 2 4+ t3 is not in the span of {1,¢,#°}
since there does not exist a, b, ¢ such that
2+t =a+ bt + ct?

Example 2: 1 + 2t + 3t% is in the span of {1,¢, tQ}
since there exists a. b, ¢ such that

1+ 2t + 3t2 = a + bt + ct?

In particular, a = 1,0 = 2,c = 3 Is a solution.



UNIQUENESS

b1, ..., by are linearly independent iff
citb1+obs+...+c,bpy =0 — 1 =...=¢, =

or equivalently,

b1, ..., by are linearly independent iff
c1b1 + ebs + ...+ ¢, by, = dib1 + dobs + ... +d, by,
— 1 =dy, co = dy... = Cp = dn.

In other words, if a solution exists for the following
equation, then the solution is unique:

P = Clbl -+ Cgbg -+ ... + Cnbn



UNIQUENESS

Example 1:
b1 = (1,0,0), beg = (0,1,0), bg = (0,0, 1).

(1,2,3) £ (1,2,4).
If (a,b,c)=1(1,2,3),thena=1,b=2, c=3.

Example 2: bl — 1, b2 = 1, b3 :tQ.
142t + 3t* # 1 4 2t + 4¢*.
fa+bt+ct?=1+2t+3t?, thena=1,b=2, c= 3.



BASIS
{by,bs, -+, by} is a basis for the vector space V' if

1.) span{bq,bs,--- ,b,} =V and
2.) {b1,bsa, -+ ,b,} is a linearly independent set.
In other words if p € V', then there exists a

solution for ¢; for the following equation and that
solution Is unique:

P = Clbl -+ Cgbz + ...+ Cnbn

Example 1: {(1,0,0),(0,1,0),(0,0,1)} is a basis
for R3.

Example 2: {1,t,t*} = is a basis for the set of
polynomials of degree at most 2.



Application: Partial Fractions

(z+2)(z—3) — x+2 ' 23
(x24+1)(z—3) w2+1 1 -3
(x2+1)(z—3)> 2+1 " -3 ' (2-3)2 (x—3)3




Don't forget to simplify first

21 (z=1)(z+1) =1  x+l1-1-1

(x4+1)% (x+1)> o+l r+1
o oxH1-2 x4l =2 —9
D s Y [ B | _1+;17—|—1

For partial fractions, the power in numerator must
be less than the power in denominator.

If power in numerator > power in denominator, do
long division first (or add a "0" and simplify
algebraically).



Application: Partial Fractions

(22+1)(x=3) — 241 ' a-3

If you don’t like denominators, get rid of them:
4 = (Az+ B)(x —3) +C(2® + 1)

4= Ax? + Bax —3Ax — 3B+ Ca* +C

4=(A+C)2*+(B—-3A)x —-3B+C

l.e..
0x* +0x +4=(A+C)a*+ (B—-3A)x - 3B+ C



02+ 0rx+4=(A+C)x*+(B—-3A)xr—-3B+C
Thus0=A+C, 0= B —3A4, 4 =-3B+C.

(= —A B=3A 4= —3(3A) + —A =
4 =—10A.
_ 2 . 2\ § 2
Hence A= -2, B=3(-z)=—-3 (C=3
4 _% _% | %
Thus (x241)(x—3) w2+1 ' -3
—2r—6 | 2




Note there are many correct ways to solve for

A, B,C. For example, one can plug in x = 3 to
quickly find C' and then solve for A and B.

4= (Ax+ B)(x —3)+C(2x* + 1)

One can also use matrices to solve linear eqgns.
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