nth order LINEAR differential equation:

Thm 2.4.1: If p and ¢ are continuous on (a,b) and the point
to € (a,b), then there exists a unique function y = ¢(t) defined
on (a,b) that satisfies the following initial value problem:

y' +p(t)y = g(t), y(to) = yo.

Thm3.2.1: If p: (a,b) > R, g:(a,b) — R,and ¢ : (a,b) — R
are continuous and a < ty < b, then there exists a unique function
y = ¢(t), ¢: (a,b) — R that satisfies the initial value problem

y' +pt)y +q(t)y = g(t),
y(to) = yo, Y'(to) =1
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Theorem 4.1.1: If p; : (a,b) — R, _i=3=&n and
bhén

9:(a,b) — @ there exists a

y(to) =vo, ¥'(to)) =y1, — y" V(to) = yu
e =

Proot: We proved the case n = llusing an integrating factor.
When n > 1, see more advanced textbook.




NOTE: Theorem 4.1.1 is VERY usetul in the real world. Suppose
you can’t solve the linear differential equation directly. You may
be able to instead approximate the solution — see for example ch
b series solution (guess y = ) a,x"),which we won’t cover in this
class or MATH:3800 Elementary Numerical Analysis.

But your approximation is not of much use unless you know where
your approximation is valid.



Determine (without solving the problem) an interval in which the solution of the
given initial value problem is certain to exist and be unique.

(1 — (1 + t?)y" +In|t — 5]y’ +2y = Vt+4 y(0) = 3



Determine (without solving the problem) an interval in which the solution of the
given initial value problem is certain to exist and be unique. L,=O

Y
(1 — t)(l + tz))@ In|t — 5]y +2y = Vt+4 y(0) = 3
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Determine (without solving the problem) an interval in which the solution of the
given initial value problem is certain to exist and be unique.

(1 — (1 + t?)y" +1In]t — 5]y’ +2y = Vt+4 y(0) = 3



Determine (without solving the problem) an interval in which the solution of the
given initial value problem is certain to exist and be unique.

(1 — (1 + t?)y" +In|t — 5]y’ +2y = Vt+4 y(0) = 3
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4.1: General Theory of nth Order Linear Eqns

hen does the followinave a unique soln:
— _—

IVP: ¢ +p1 )y "V 4.4 pr1 ()Y +pult)y = g(t),
y(to) = Yo, ¥ (t0) = Y1, -, Y V(o) = yn—1.

@i general solution to DE. Then

Jsee Hmi Y. [, |
5% et ¢ ? o K «7]?(







Let b = yp — Y'\"/(tg)>> Note that in these equations
the c; are the unknowns

Translating this linear system of eqns into matrix form:

[ ¢1(to) P2(to) - @nlto) 1]l [ bo T
oy Po(to) - @L(to) Co b1
(n ”(t) ('n, 1)( to) (n 1)(J'Cn' c/b";;}_y




Note this equation has a unique solution if and only if

" ¢1(to) ¢2(to) . dnlto) -
1 (to) P5(to) o @(to)

det %{D

n—1 n—1 n—1
ATV (t) eV TV (k) o BT V(1) -




Defn: The Wronskian of the functions, ¢4, ¢s,..., ¢, 1S

Cooifl) () . da(t) C
n O A0 R A
W(¢1,¢2,...,¢n det .
R Gl O el O B Gl OO

S

Note: {91, 92, ..., ¢, } is a linearly independent set of fns
if W (1, b, ..., 0n)(to) # 0 for some to

det 4 Ca_ﬁ_’/[ Mmoo tr X éuw
= oAV é/frary 'é




In other words if ¢; are homogeneous solutions to an
nth order linear DE,

Y™+ pi()y Y + o a1 (DY + palt)y =0
and W(gb1,¢)2, ,¢)n)( ) 7& 0 for some tg.

iff {qblad)Qa“'aan} 1S @

homogeneous equation: [ ——
b o~ = < ¢/ + -7 s ;’1’)
In other words any mogeneous solution canﬁe*vvﬂt%eﬂ/

as a linear combination of these basis elements:
ae

[y =Cc101+ ... + cnqbg
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Moreover, the general soln to the non-homogeneous eqn

vy + 1)y D + o 4 P ()Y + pa(t)y = g(t)

is just the translated version of the general homogeneous

solution: B
Yy/: cl¢1 + ... T qubn ‘|‘@

where 1) is a m%mogeneous solution. h 7# 2 700
A’ Y= O C D/}')W&\ /e V% /y‘

/ A= b
/ J}P




In other words if ¢; are homogeneous solutions to an
nth order linear DE,

y™ +p1 (Y™ + o 4 Pt ()Y + pat)y =0
and W (o1, @2, ..., on)(to) # 0 for some to.

iff {¢1, P2, ..., 0, } is a basis for the solution set of this
homogeneous equation.

In other words any homogeneous solution can be written
f as a linear combination of these basis elements:

Step L y=céi+..+cdn B

Moreover, the general soln to the non-homogeneous eqn

v 4+ p1 )y ™D 4 4 P ()Y + pa(H)y = g(t)

is just the translated version of the general homogeneous
solution:

. ~—— ]
ng-ep L~ ¢ .G//\A T/@qler...Jrcn@

( where 1) is a non-homogeneous solution.




/Linear Independence
and the Wronskian




Ubl’ ..., Oy, are linearly independentl ,
T é——d(?mé\ Ccﬁo’é[(/

jjclgbl(t) + ... + cnodn(t) = Ohas a unique solution (that
Nefn  Lm Mpate 220D

a> D

the following system of equations has a unique solution /¢
why oV
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iff the following system of equations has a unique sol-
ution

" d1(B) P2(t) - %(% kS "0
¢1(b) Po(t) o Pp(l

SV 6PV L g ”(5J ol Lol

Note this equation has a unique solution if and only if

for SOl’l’l‘



det

@W(Qbh D2, -+, Pn)(t0) # 03

6" () 68D (to)

£0



@51, ..., On, are linearly independent

"y
{

ift LW(QZf)l,Qf)Q,...,(}ﬁn)(to) %ﬂ 710\ 7 me




Example: Determine if {1 + 21, 5
are linearly independent:

Method 1: M 471 270 O

At 6 — 8t

‘7

8t2}

sgmcﬂ-+%y+@@+4ty+@m 8t+&2—0

61“ equivalently, 1 5
W 7 olve ¢ (2) + o 2 + c3
far ST
I 1 5 8] 1T C1
Or equivalently, solve | 2 0 —8 Co
Cmatrr armh [0 4 81 e

e

6
—3
3




Example: Determine if {1 + 2¢,5 42,6 — 8t 8t2}
are linearly independent:

Method 2: Check the Wroykian

1 +2t 5+4t2 6 — 8t + 82
det 2 8t —8 + 16t
0 8 16
\_ e )
/7)}5 warks even (L ths ar<

7107L ko/y/’\éﬁ’)/@@ [ o+ W incao cf’h__(

l 14 early rndes



Method 2: Check the Wronskian

] (
@ 5+ 412 6 — 8t + 8¢2 f}
det [ 8¢ —8—=—t61— y
JB 8 16 /‘%
b _ |

' styds Lo
+(142€) /8); /g/;/éé/“’L / g %5/

+O
= (1426) (16t - p(64/5%),
o e s )= (-0 25 |

’_:e%é-— - T //_____b/{fat




Abel’s theoremz( if ¢; are homogeneous solutions to an
nth order linear DE,

then W (g1, d2,...,¢n)(t) = Ce_fpl(t@r some con-
stant c

tl\ arﬂ{éf‘ ///l DF




Ex: Find the Wronskian of a tundamental set ot solutions of

the DE old  mo ]
y" + 5y —\0/ é ) ﬁ/ ﬁz/,
Method 1: Find homogeneous solution {/ ﬁ

\/\1“2 + 5r = 0 implies r =0, —5

homog sol'njy = c1e% + cqe / (1 QK )— c1 + coe 2t

t

A fundamental set of solutions: {1,e~
o Lasis & sod'n srace L et \/Efﬁwﬁ
Wronskian = W (1, e °%)(t) = det ( ) <He—st

0 —56



Method 2: Abel’s theorem: Wronskian = ce_f p1(t)dt

]M = 0 implies p1(t) = 5

_ (st [SF
j”w‘fg +é(7~0 = Ww(6,4) 6
Y %§7 —}(aﬁry A/%/Zt _:ce"sy‘“L

: A = :
2y 228 ()= ce
/p=s]  w (/A /L//%/Q




Method 2: Abel’s theorem: Wronskian = ce_f p1(t)dt
y" + 5y = 0 implies p1(t) = 5.
Thus Wronskian = W (1,e %) (t) = ce‘f&” — o5t

1 £ v € _;{i_j;())ﬁ/kéh > pl p/h/
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