Solving polynomial equations:

Example: > + 12 +3r +10 =0

Plug in r = £1, 222, =5, =10 to see if any of these are solns:

(£1)° 4+ (£1)*+3(£1) +10 # 0

(:: )S—I—(: 2) —|—3( _2)—|—10 ? =70

(=23 + (—2)2+3(-2)+10=-8+4—-6+10=0

Thus (r — (—2)) is a factor of ° + r* 4+ 3r + 10

Hence r° + % 4+ 3r + 10 = (r + 2)(r* + r+5)



To find the coethicient of r in the above, you can do so by
(1) long division, (2) inspection, (3) using variable x

rP+r:4+3r+10= (r+2)(r*+_x_r+5)
(r+2)(r*+_x r+5)=r+ 2+ x)r*+ (2x+5)r + 10
7o 72 3r 10
Thus 2 +x =1 and hence x = —1
Check: 2x +5=2(—1)+5=3

Hence 7° + 1> +3r+10 = (r +2)(r* —r +5) =0
Thus 7 = —2, 1541220 Thus 7 = —2, /19
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Example: Solve y(®) 4y = 0

y = e implies * + 1 = 0 and thus

rz% z‘{andr——§__i§

Thus general homogeneous solution is

y=c1e?2 cos(‘ft) + cre2 Sm(‘ft)
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Example: Solve """ — 8y =0, y(0) = 0, y'(0)















nth order LINEAR differential equation:

Thm 24.1: If p and ¢ are continuous on (a,b) and the point
to € (a,b), then there exists a unique function y = ¢(t) defined
on (a,b) that satisfies the following initial value problem:

y' +p(t)y = g(t), y(to) = vo.

Thm3.2.1: If p: (a,b) > R, g:(a,b) — R,and ¢ : (a,b) — R
are continuous and a < ty < b, then there exists a unique function
y=¢(t), ¢: (a,b) — R that satisfies the initial value problem

y' +p(t)y +q(t)y = g(t),
y(to) = yo, Y'(to) =11



Theorem 4.1.1: If p; : (a,b) - R,i=1,...,n and

9 :(a,b) — R are continuous and a < tg < b, then there exists a
unique function y = ¢(t), ¢ : (a,b) — R that satisfies the initial
value problem

Yy + pi(O)y" Y 4 o+ puca ()Y + pa(t)y = g(1),
y(to) =vo, ¥'(to)) =y1, . y" V(to) = yn1

Proot: We proved the case n = 1 using an integrating factor.
When n > 1, see more advanced textbook.



NOTE: Theorem 4.1.1 is VERY usetul in the real world. Suppose
you can’t solve the linear differential equation directly. You may
be able to instead approximate the solution — see for example ch
b series solution (guess y = ) a,x"), which we won’t cover in this
class or MATH:3800 Elementary Numerical Analysis.

But your approximation is not of much use unless you know where
your approximation is valid.



Determine (without solving the problem) an interval in which the solution of the
given initial value problem is certain to exist and be unique.

(1 — )1+ t?)y" +Inlt — 5|y +2y = Vt+4 y(0) = 3















4.1: General Theory of nth Order Linear Eqns
When does the following IVP have a unique soln:

IVP: ¢ +p1 (8)y "V .4 pa1 ()Y +palt)y = g(t),
y(to) = Yo, ¥'(t0) = Y1, -, y"" V(o) = yn—1.

Suppose y = c191(t) + c2¢2(t) + ... + cn@n(t) + ¥(¥) is
the general solution to DE. Then



y(to) = Yo
Yo = c191(to) + cap2(to) + ... + cndnl(to) + Y (to)

y' (to) = ya1:
y1 = c197(to) + c2da(to) + ... + cn@y (o) + ¥ (to)

y(n_l)(t ) = Yn_1:
Uno1 = 1" (o) + cas" " (to)
ot endn ) (to) + 9"V (to)



Let by, = yr, — ¥ ¥ (¢y). Note that in these equations
the c; are the unknowns

Translating this linear system of eqns into matrix form:

?1 (o) P2(to) ... Pn(to) 1 Tc] T bo
¢1 (to) 5(to) ... @ (to) C2 b1
P D(te) 68 Vte) o 6T V(o)) Lend  Lbns




Note this equation has a unique solution if and only if

" ¢1(to) ¢2(to) . &nlto) -
1 (to) Po(to) o Pn(to)

det ' =+ 0

n—1 n—1 n—1
V() o V() o V(1)



Defn: The Wronskian of the functions, ¢4, ¢s,..., ¢, iS

i Cbl(t) ¢2(t) Cbn(t) |
O ) . Bt
W(¢17¢27 a¢n) = det
Gl O I el ) B Gl OO

Note: {¢1, ¢, ..., ¢, } is a linearly independent set of fns
if W(¢1,da, ..., 0n)(tg) # 0 for some £,



In other words if ¢; are homogeneous solutions to an
nth order linear DE,

Y™ + 1Dy D + A P (O Y + pa(t)y =0
and W (o1, o, ..., 0n)(to) # 0 for some tp.

iff {p1, @0, ...,0,} is a basis for the solution set of this
homogeneous equation.

In other words any homogeneous solution can be written
as a linear combination of these basis elements:

Yy=Cc101+ ...+ CnOn



Moreover, the general soln to the non-homogeneous eqn

vy + 1)y D + 4 P ()Y + pu(t)y = g(t)

is just the translated version of the general homogeneous
solution:

Yy==c101+ ...+ cndn + U

where 1) is a non-homogeneous solution.



In other words if ¢; are homogeneous solutions to an
nth order linear DE,

y™ +p1 )y + o 4 P (DY + pa(t)y =0
and W (o1, @2, ..., on)(to) # 0 for some to.

iff {¢1, Pa,..., 0, } is a basis for the solution set of this
homogeneous equation.

In other words any homogeneous solution can be written
as a linear combination of these basis elements:

y=c101+ ...+ cpdn

Moreover, the general soln to the non-homogeneous eqn

v+ p1 )y D 4 L+ P (DY + pa(H)y = g(t)

is just the translated version of the general homogeneous
solution:

Yy = Cl¢1 + ... +Cn¢n ‘I"l/)

where 1) is a non-homogeneous solution.



Linear Independence and the Wronskian



1, ..., o, are linearly independent

iff
c1¢1(t) + ... + cndn(t) = 0 has a unique solution (that
works for all t).

iff
the following system of equations has a unique solution
c101 (t) -+ ngbg(t) + ...+ Cn(gbn(t) =0
197 (t) + c2¢5(t) + ... + e (t) =0

10" V() + 20y V() + o A et P () =0



iff the following system of equations has a unique sol-
ution

" P1(t) P2(t) ... ou(t) 7 [ "0
¢1 (1) Po(t) o P(t) Co 0

V) 6V f{"_l)(t)J ol Lol

Note this equation has a unique solution if and only if
for some tg



det

iff W(le,QbQ,...,an)(tO) 7é 07

6" () 68D (to)

£0



Example: Determine if {1

are linearly independent:

Method 1:

2. 5

4t 6 — 8t

8t*}

Solve c1 (1 + 2t) + ca(5 + 4t%) + c3(6 — 8t + 8t) = 0

Or equivalently, 1

solve ¢1 | 2
0

Or equivalently, solve | 2

= O O

D

-




Example: Determine if {1 + 2¢,5 42,6 — 8t
are linearly independent:

Method 2: Check the Wronskian

1 +2t 5+4t2 6 — 8t + 8t2
det 2 8t —8 + 16t
0 8 16

8t*}




Method 2: Check the Wronskian

det

1+ 2t 5+ 42
2 8t

0 8

6 — 8t + 8t2 |
—8 + 16t
16










Abel’s theorem: if ¢; are homogeneous solutions to an
nth order linear DE,

y™ +p1 )y + o+ pas1 ()Y + pa(t)y =0

then W (g1, @2, ..., 0n)(t) = ce_fpl(t)dt for some con-
stant c
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