Claim: If y = ¢1(t) and y = ¢»(t) are linearly
independent solutions to 4" + py’ + qy = 0, then

general solution is y(t) = c101(t) + cada(t)

That is any solution to this linear 2nd order
homogeneous differential equation can be written as
a linear combination of the linear independent

functions y = ¢1(t) and y = ¢o(t).

Thus for a 2"? order linear homogeneous differential equation,
we need to find 2 linearly independent solutions

in order to find the general solution



Section 3.4: If b — 4ac = 0, then r{ = 7.
Hence one sol'n is y = ™! Need 2" sol'n to ay” + by’ + cy = 0.

fy = e is a solution, y = ce" is a solution.
How about y = v(t)e™?
y = (t)e"™ + v(t)re”
y =0"(t)e" + ' (t)re™ + V' (t)re"t + v(t)rie’
= v"(t)e" + 20 (t)re™ + v(t)r’e’?
a(v"e™ + 2v're" + vrfe™) + b(v'e" + vre™) + cve™ = 0

a(V"(t) + 20" (t)r + v(t)r?) + b(V'(t) + v(t)r) + cv(t) = 0
V" (t) + 2av' (t)r + av(t)r* + bv'(t) + bu(t)r + ( ) =20
av”(t) + (2ar + b)v'(t) + (ar® + br + c)v(t) =



av” (t) + (2ar + b)v'(t) + (ar* + br + c)v(t) = 0
av”(t) + (2a(52) + b)v' () +0 =0

since ar2+br+c:0andr:§—£’

av”(t) + (=b+0)V'(t) = 0. Thus av”(t) = 0.
Hence v"(t) = 0 and v'(t) = k1 and v(t) = kit + ko

Hence v(t)e™" = (kit + ko)e™" is a soln

Thus te"'! is a nice second solution.

Hence general solution is y = cie™! + cote™



Section 3.4: Reduction of order

Suppose y = ¢1(t) is a solution t@ﬁ p(t@ q(m

Guess y = v(t)p1(t) is also a solution.
v K«ou\fﬁ U — AomagL

S—
Solve for unknown function v(t) by plugging in

y=v~
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Yy = 1 (Q Is a solution t@(t Y+ q(t)y :O\
implies/ ¢} + ( )§b1 i (JL)le —0

y:”v( )¢ (1) [y =V (8)oi(t) +v(t) ¢ (t)
= v'(1)or(t) + v ()¢ () + V(1)@ (1) + v(t) ¢ ()
V() (t) 4 20 (1)1 (1) + ’U(t)@’f(t)l
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Section 3.4: Reduction of order

Suppose y = ¢1(t) is a solution to@;” +p(t)g + q(t)g=0

/
Guess y = v(t)¢1(t) is also a solution.

Solve for unknown function v(t) by plugging in:

S /M pl catron
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Section 3.4: Reduction of order
Suppose y = ¢1(t) is a solution to " + p(t)y + q(t)y = 0
Guess y = v(t)¢1(t) is also a solution.

Solve for unknown function v(t) by plugging in:

v ()i (t) + V(t)[201(t) + p(t)oi(t)] =0



V(t)ei(t) + V(1)[261(t) + p(t)or(t)] =0
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Let w(t) = o/(t), then w'(t) = v (t) Sl Adw
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v () (t)

Let w(t) = v'(t), then w'(t) = v"(¢)

w'(t) 1 (1)










If o> — 4ac > 0, general sol'n is y :@+ coe’?,

If > — 4ac < 0, change format to linear
combination of real-valued functions instead of
complex valued functions by using Euler’'s formula.

general solution is y = cie®cos(nt) + ce?sin(nt)

@
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where r = d £ in dq\ \*

If b* — 4ac = 0, 71 = 73, so need 2nd (independent) \g N
solution: te! o> v P
Hence general solution is@clem + cﬂg} : 3 ;\
Initial value problem: use y(ty) = vo, ¥'(tg) = y; to / S %\S(

solve for ¢y, ¢y to finolution.

ey _ Ay
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Solve: 3y’ +y =0, y(0) = —1, ¥/(0) = =3 7M, CW(’ 50"%

T

r? +1 =0 implies 7* = —1. Th@ N:LCEPWL*
N/ ) e

NOT RECOI\/II\/IENDED work wit y — cle” o 6;7 V\;% s
y’ P

— = jcief— ’6626_7’4’9
I
— ) @ . .
y(0) = —1: =1 =c1e"+ c2e?® implies —1 = ¢; + cs.

y'(0) =—-3: —3 = icie’ — icoe’ implies —3 = ic; — ico.

——

—11 = iCl + iCQ.

—3 = iCl — ?:CQ.



—Q

—1: = iCl + ?;CQ.

—3 = iCl — ’iCQ.

—_—
2ic1 = —3 — 1 implies ¢; = = RNV
P (RON o N
) o e - 31—t =31=
2icy = 3 — 1 implies ¢y = “5- = =% Ty

S —

Euler’s formula:@cos(x) + ’is@

_(3i=1ygit p (=Si=ly_ ity o A OT 5//’7,0//7[/;'/
A(rfz @( 25 //;/J vobag A £Lonac oo

r—

= (Z)[cos(t) + isin(t)] + (= 5_1)Misin(—j)]




(21 [cos(t) + isin(t)] + (=2=2)[cos(t) — isin(t)]

(F)cos(t) + (3 )isin(t) + ( 1)608() - (Fisin(t)

H(=2)cos(t)

(
(%)@sm(t) | (_21)003( ) +

( sin(t

—33m — 1608

)zsz’n(t) - (S cos(t)

g)zsm(t) - (5 D cos(t)
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— (3)cos(t)

COS 2 SZTL
t) SIM PL/F/ </)

Ay S WER



<D

N
\
Solve: y" +y =0, y(0) = -1, '(0) = =3 \gJ\\
'Y
r? +1 =0 implies 7> = —1. Thus r = +i. 7
o U\/Y
RECOMMENDED Method: AN
7Q ner /A 3:
Since r =0 + lz/y = c1cos(t) czsz'n(t); S a/L‘“ b«\\ V‘J@
Then ¢y’ = —cysin(t) + cocos(t) / \[/(/\
y(0) = —1: —1=c1c0s(0) + costn(0) implies
' (0) = —=3: =3 = —c18in(0) 4+ cocos(0) impliess—

— /1/97/6- J MIQUE
Thus IVP solution:/y = —cos(t) — 33in(t)7 s Foo
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/When does the following IVP have unique sol’n: j

art

Doy 4 N°
IVP: c@” b‘(y)’+é‘9—0 y(to) = Yo, Y'(60) = Y1 cssvme o 21 5, chunfS

] N f‘#" 3.
{ Suppoge y=c101(t) + CQ@QBE\ solution to ay” + by + cy = — O

Then ' = c1¢(t) + ca¢5(¢)

ASSsom /7 7
y(to) = Yo: Yo = Clél(to) + Ca¢a(to) 4¢en € r A s
y'(to) = y1: y1 = Clgbl(t()) T 02§b2 to) < X 57L
To find IVP solution, need to solve above system of two equations
for the unknown@nd ) <ol ', ek(s fs and (s

on /? Ve ——% C/ 51 CL
Note the IVP has a unique solution if and only if the above system

of two equations has a unique solution for ¢; and cs.




Soln 1 VF

e Xists & 14 yt())_y()

Uh 14ve 1 £

Y (to) = y1:

//'7 ear 4/7c é/‘ﬂ

Note that in these

Y1 = c191(to)

Yo = 101 (tg) + caga(to)>= 72
) = 1@, (To) T adh(ty) = 7
e £ / £ A Wf’) /= oe c/ b2 CL
=@

tions c¢; and ¢y are the unknowns and

Yo, 1(%o); «?a’ y1, &, (to), &, (to) are the constants. We can

translatethis linear system of equations into matrix form:
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Note this equation has a_unique solution unique solution if and only if
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Definition: The Wronskian of two differential functions, ¢; and ¢5 is
—
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Definition: The Wronskian of two differential functions, ¢; and ¢ Is
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HEIDIES
cos(t) sin(t)

1_) W(cos(t), 8’67’?/(75)) — _S@'n(t) cos(t)

= cos*(t) + sin(t) =1 > 0.



2.) W(e%cos(nt), esin(nt))

———

dt

de?cos(nt) — ne

e cos(nt)

dt

sin(nt)  de¥sin(nt) + necos(nt)

€

dt

sin(nt)

=ecos(nt)(de sin(nt)+necos(nt))—e sin(nt)(decos(nt)—net sin(nt))

—e?%[cos(nt)(dsin(nt)+ncos(nt))—sin(nt)(dcos(nt)—nsin(nt))]

=e2¥[dcos(nt)sin(nt)+ncos®(nt)—dsin(nt)cos(nt)+nsin?(nt)])

= e2®[ncos®(nt) + nsin®(nt)] = ne*[cos?(nt) + sin*(nt)]

£ ros Fc  are

com ple X

2 VP has va/gue b

= ne%:’& O for all ¢.
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