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Summary of sections 3.1, 3, 4:
Solve linear homogeneous 2nd order DE with
constant coetfficients.

Solve ay” + by’ + cy = 0. Educated gues§ y = €',

thenm/

ar’?" + bre + ¢ = 0 implie% ar’ +br +c=0,

Suppose 1 = 1, 9 are solutions to ar® + br + ¢ = 0

—b+vVb2—4ac
2a

', T2 =
If 71 # 79, then b* — 4ac # 0.

Hence a general solution is y = c1e’" + coe™



/)/ngjblwlf b> — 4ac > 0, general sol'n is/y = cet + 626‘"2‘5.\)
/
If b — 4ac < 0, change format to linear
¥ combination of real-valued functions instead of

9 o™ complex valued functions by using Euler’'s formula.

y general solution if’@: cre®cos(nt) + CQe,dtsm(nt)j

where r = d + 1n

If b — 4ac = 0, 71 = 73, so need 2nd (independent)

er
| re;gk solution: te"

v
/ Hence general solution is!'y = c1e"! + cote™?, ‘

Initial value problem: use y(to) = vo, ¥'(t0) =
/\__4\_/
.

solve for ¢;, ¢y to find unique solution o /{4

4 S
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ﬁst order LINEAR differential equation:

Thm 24.1: If p: (a,b) > Rand g: (a,b) > R are
/ continuous and a < ty < b, then there exists a

unlgue function y = ¢(t), ¢: (a,b) — R "R that

satisties the

IVP: ' +p(t)y = g(t), y(to) = yo

Proof 1: Constructive proof (use integrating factor
to find solution).

\/Proof 2 outline: Use linearity.
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@rder LINEAR differential equation: \i( \;g
\
Thm 2.4.1: If p:(a,b) - Rand g: (a,b) — R are ¢ (}\ \
continuous and a < ty < b, then there exists a e \E
unique function y = ¢(t), ¢ : (a,b) — R that =
e ©
satisfies the gx < L
\f
N
VRS
JF
If in addition y = V/”
'non-homogeneou “
he general solution to this, /.v9 /[ (" o
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1st order LINEAR differential equation:
\

Thm 2.4.1: [f p Ja,b) — R and g2 (a,b) — R are
continuous and a < ty < b, then
3! function y = ¢(t), ¢ : (a,b) — R that satisfies

= \
|VPJ?/ + p(t)y :m =7\ )’o

2nd order LINEAR differential equation:

Thm 3.2.1: |Oa b) = R,(q :Ja,b) — R, and
Qa ,b) — Rare continuous andfa < {y < g/ then
| function y = ¢(t), ¢ : (a,b) — R that satisfi

— ‘E
IVPLy" + p(t)y +q(t)y = g(t). yTo) = wo. ¥/ (to) = ¥5
ChY @ gt ordde fineca s




2nd order LINEAR differential equation:

Thm321: Ifp: (a,b) = R, ¢: (a,b) — R, and

g : (a,b) — R are continuous and a < ty < b, then

3! function y = ¢(t), ¢ : (a,b) — R that satisfies
—

IVP: " + p(t)y + q(t)y = g(t),/ Yy(to) = vo. (V' (to) = vy

G

{
( pint L,
o /’Lg/oﬂf;ﬁ (4, 9)




2nd order LINEAR differential equation:

Thm321: Ifp: (a,b) = R, ¢: (a,b) — R, and
g : (a,b) — R are continuous and a < ty < b, then
@unction y = o(t), ¢ : (a,b) - R that satisfies

IVP: o + p(t)y + q(t)y = g(t), y(to) = vo, ¥ (to) = ¥

J) o when oY eV
Here
Yy~ JV Py net 1A
/ ) Vhé\‘\/ ”0% 28
/ €, L, 5_&///) /Q§S/47 %n/



Thm 3.2.2: Ifg and ¢ are two solutions to a_homogeneous linear

differential equation ” 77" =

y' +pt)y +q(t)y =0

+ cng s also a solution to this linear differential equation.

- V' Linear comb A soln Ao

Proofofthm322 pomog LINEAR DE ot als?
Sal A

Since y(t) = ¢;(t) is a solution to the linear homogeneous
differential equation y” + py’ + qy = 0 where p and q are functions

of ¢ (note this includes the c/swl%h—eerns-ﬁ:aé coefficients) ther ,
ﬁ\\//@%ef/j /+P(€>¢ 7‘7({%%'
Z " /O (€) 8 *Z(‘L)%




Claim: y(t) =,c101(t) + cop(t) 4s also a solution to ;/’ +py' + cgy:@
Pf of claim: /7/uj /n /D Z 7[{ S

/
(¢ ¢,+Q@U+ o (chvah) + i(wﬁm@
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[ —+
y = ¢1(t) and y = ¢p»(t) are linearly /f(ib:
% dependent solutions to y” + py’ + qy = 0, then

S 1n S
. vh | ¢
general solution |s/ (1) = c1¢1(t) + cago(t) j 7U
O/mnq
That is any solution to this linear 2nd order

homogeneous differential equation can be written as
a linear combination of the linear independent

functions y = ¢1(t) and y = ¢o(t).

= Cd +4 8,
TL"\ 32’1 /D ’ch ¢// §<{lv\c ) : /sc‘f(’l\
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Claim: If y = ¢1(t) and y = ¢»(t) are linearly
independent solutions to 4" + py’ + qy = 0, then

general solution is y(t) = c1¢1(t) +12(t3/
L = ——
That is any solution to this linear 2nd order
homogeneous differential equation can be written as
a linear combination of the linear independent
functions y = ¢1(t) and y = ¢o(1).

bomos DE
To Solve 249 o yilen Arneor >/
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Derivation of general solutions:

Solve ay” + by’ + cy = 0. Educated guess y = €', then

ar?e’ + bre™ + ce™ = 0 implies ar® 4+ br + ¢ = 0,

Suppose r = 11,79 are solutions to ar’ +br +c =0
b+ Vb2—4ac
i 2a

1,72

flb* — 4ac > 0 we guessed €'’ is a solution and noted that any
inear combination of solutions is a solution to a homogeneous

inear differential equation.
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Section 3.3: If b* — 4ac < 0, an A j - 6/%5/” /ﬂmé)
2. L . SIE

anre
Changed format of y = c1e"? + cye™" to fin

real-valued functions instead of complex valued functions by using
Euler's formula:

e = cos(t) + isin(t)
@ence eldtin)t — edigint — odtlcos(nt) + isin(nt)]\]
Let 1y =d+in, ro =d —1n v = A £ E/V\
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T4+ 13 correct oY S/W?,b/,_/;’
Yy = Cle(d—l—i’n)t + 626(d—?§n)t _ Cledt—l—int + 62€dt—int -*é\ f
(-
N Cled eint __BC/QGZd\ €V /«’4/ A Z—::, 2\‘€
— creM[cos(nt) + isin(nt)?+ coedt [Cos(aﬁt) + isin(=nt)]

= ciecos(nt) +icie

@E_‘iﬁcos(nﬂ JF{ Z'(@1 — C9 @dtsin(ntjl l | %

sin(nt) + coe®cos(nt) =icoe™ sin(nt)




zedtsm nt) fare both solutions
SV éﬂa__’/‘/’“
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Since y = 2e%cos(nt) and y = 2ie? sm(nt) are solutionsto——
’/—|—by _|_cy—0where b* — dac < 0, >

= 2 %’ (2( (25 /ﬁwZ)) ch_%o{@_{:/




{Y = /Vl:/n/ l-/(
Section 3.4: If b2 — 4ac = 0, then r; = 7. T repes y o 6

Hence one sol'n is y = e“t Need 2" sol'n to/ay"” + by’ + cy = 0.

fy=e"is a solution, y s a solution. e
How abouf vt)e™ )e'? J &7 phe
J = (0 + oftyre g
Y =" (#)e™ + ' (E)re + v (H)ret + v(t)re™ p !V 7 f‘
T =u"(t)e™ + 20/ (t)re™ + v(t)rie H
a(v"e™ 4+ 2u're™ + vre’) 4 b(v'e™ + vre™) 4 cve™ = 0
a(v"(t) + 20" (t)r +v(t)r?) + b(v'(t) + v(t)r) + cv(t) = 0
V" (t) + 2av'(t)r + afu( )ré 4+ bu'(t) + bv(t)r + co(t) =0

av”(t) + (2ar + b)v W (1) y




av” (t) + (2ar + b)v'(¢) +[ (ar® + br + C/)U(t) =1
) M
"(t) + (26(52) + b)v'(t) + 0 = 0 v =
R

since ar’ 4+ br +c =0 and/'r =

(1) + (=b byt = 0. Thus axu”(t — 0.

Hence v (t) = 0 and v/(t) = &y and v(t) = kit + ko

 EEnce v(t)en” = (it + ket

Thus te" is a nice second solution.

e

Hence ge(h}eral solution | /!5 Y = cle“t + cote™

m——




Section 3.4: Reduction of order
Suppose y = ¢1(t) is a solution to " + p(t)y' + q(t)y = 0
Guess y = v(t)¢1(t) is also a solution.

Solve for unknown function v(¢) by plugging in:



y = ¢1(t) is a solution to " + p(t)y" + q(t)y = 0
implies ¢f + p(t)¢| + q(t)¢1 =0

y:v( )1(t) =y =v(t)ea(t) +o(t)or(t)
= v()pr(t) + ' ()P (1) + V' (1)1 () + v(t) ¢y ()
V()@ () + 20°(8) @ (1) + v(t) gy (1)



y' 4+ p(t)y 4+ q(t)y =0

() (t) + 20 (1)@ (t) + v(t)e) ()
+ p()[V' (t)o1(t) + v(t)e) (L))
+ q(t)[v(t)p1(t)] =0



Section 3.4: Reduction of order
Suppose y = ¢1(t) is a solution to " + p(t)y + q(t)y = 0
Guess y = v(t)¢1(t) is also a solution.

Solve for unknown function v(t) by plugging in:

V(t)ou(t) + 20(0)er(t) + p()v'(t)e(t) =0



Section 3.4: Reduction of order
Suppose y = ¢1(t) is a solution to " + p(t)y + q(t)y = 0
Guess y = v(t)¢1(t) is also a solution.

Solve for unknown function v(t) by plugging in:

v ()i (t) + V(t)[201(t) + p(t)oi(t)] =0



V(t)ei(t) + V(1)[261(t) + p(t)or(t)] =0
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