1.1: direction field = slope field
= graph of % in ¢, y-plane.

* Can use slope field to determine behavior of y
including as t — +o0.

* Equilibrium Solution = constant solution

Most differential equations do not have an
equilibrium solution.



1.1: Examples of differentiable equation:

= mg — Yv

dv
at

F=ma=m

1.) Ball example:

Lol VAV AV B B B U U N N N
D Callall iV AV A L U U N N NN
P Ll AV A B B U N N N NN
P Calladb A A A B L U N N N N
P Ol VAV AV N L U U A N N
a4V A B B T U N N N
D Callal i A A i B U N N N N
P Ol VAV A A L T U N NN
D el A A B T U N N N
D Pl AV AV A B U A NN N
P AV A B L S U N N N
D PPl AV A A B T N N N N N
ol AV A A B L B U U N N N
D Lol A A B B U U N N N
D el A A A B B U N N N N

.......................

0
55
50

10

=10



2.) Mouse population increases at a rate
proportional to the current population:

Model E =rp—k

where p(t) = mouse population at time t,
r = growth rate or rate constant,

k = predation rate = # mice killed per unit time.
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3.) Continuous compounding > =rS + k
where S(t) = amount of money at time t,
Interest rate,

constant deposit rate

A

k



************Uniqueness of So|uti0n*************

Knowing whether or not a solution exists, and if it
exists whether or not that solution is unique is
extremely useful.



Show that for some value of r, y = €" is a soln to
the 175" order linear homogeneous eq'n 2y’ — 6y = 0.

To show something is a solution, plug it in:



Claim: y = ¢ is a soln to 2y’ — 6y = 0 for some 7.

t

y = €' implies 3/ = re™. Plug into 2y’ — 6y = 0:
2re’™ 4+ 6e" = 0 implies 2r — 6 = 0 implies r = 3

Thus y = €% is a solution to 2y — 6y = 0.

Claim: y = C¢e’' is a solution to 2y' — 6y = 0.

2y — 6y = 2(Ce’t) — 6(Ce’) = 20 () — 6C ()
= C2(e?) — 6(e’)] = C(0) = 0.



IVP: Solve 2y — 6y =0, y(0) =4

From previous slide, we know y = C'e? is a solution
to 2y’ — 6y = 0.

Plug in initial value to find C:
If 4(0) = 4, then 4 = Ce??) implies C' = 4.

Thus by existence and uniqueness thm, y = 4e?! is
the unique solution to IVP: 2y’ + 6y = 0, y(0) = 4.



Initial value: A chosen point (g, 1o) through which
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https://www.wolframalpha.com/input/?i=slope%?20field

Initial value problem (IVP): A differential equation
where initial value is specified.

An initial value problem can have 0, 1, or multiple
equilibrium solutions (finite or infinite).


https://www.wolframalpha.com/input/?i=slope%20field

nttp://www.woltframalipha.com

H slope field =

EE e s i Web Apps = Examples > Random

Assuming "slope field” refers to a computation | Lise as refernng to a mathematical definbon nstead

Kvacetelr 14 no -+ ysa(d {1, (In(x) + y)}/sqrt(1 + (In(x) + y)*2)
= variable 1| |x
m lower limit1: 0
® ypper limit1: 2
® variable 2. |y
® lower limit2. -2

® upper mit2. 2



VectorPiot[ iL, log(x) + I

L] ix1 D:I 2!: |.J"'! _2: 2}]
1+ (log(x) + y)*
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Slope lines are small portions of lines tangent to a solution.
Thus slope lines must be straight. They cannot be curved.

Arrows are optional

streamPlot[{1, (In(x) + y)}, {x, O, 2}, {y. -2, 2}]

stream

Do NOT curve

your slope lines



http://bcs.wiley.com/he-bes/Books?action=resource
&bcesld=2026&i1temId=047143339X &resourceld=4140

Ch 2.2: Separable Equations

#* In this section we examine a subclass of linear and nonlinear
first order equations. Consider the first order equation

%— D

We can rewrite this in the form

-k
AR

M NG ) 2
dx

For example, let M(x,y) = - f(x,y) and N(x,y) = 1. There may
be other ways as well. In differential form,

M (x,y)dx+ N(x,y)dy =0

L
A

If M 1s a function of x only and N is a function of y only, then
M (x)dx+ N(y)dy =0
In this case, the equation is called separable.

b
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L
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http://bcs.wiley.com/he-bcs/Books?action=resource%20&bcsId=2026&itemId=047143339X&resourceId=4140

http://bcs.wiley.com/he-bes/Books?action=resource
&bcesld=2026&i1temId=047143339X &resourceld=4140

Example 1: Solving a Separable Equation

% Solve the following first order nonlinear equation:
dy x°+1
dis. i1

% Separating variables, and using calculus, we obtain

2 _1kdv =2 +1 GO i
W i
>
[ =1y = [ +1)ax Hi((@dam
ﬁ&é \Q([
1 1 - [ ‘t \%\\\ \.F\‘%\R.‘t -
3 3 i}
S Pl e, S R T o H H "H!H
3J; = 3 i 77 - /;;ffff
1077 < BEN,
Ly s YD
3 3 sy = St
y T 3y = e 3.X B C - T

% The equation above defines the solution y implicitly. A
graph showing the direction field and implicit plots of several
integral curves for the differential equation is given above.



http://bcs.wiley.com/he-bcs/Books?action=resource%20&bcsId=2026&itemId=047143339X&resourceId=4140
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Example 2:
Imphclt and EXphClt Solutlons (1 of 4)

% Solve the followmg first order nonhnear equatlon
dy 3x°+4x+2

dc 2(y-1)
% Separating variables and using calculus, we obtain
2(y 5 l)dy — (3x2 +4x+ 2)a’x
2'[ (y S l)dy = j(?)xz +4x+ Z)dx

Vs At Sl by SRR B

»* The equation above defines the solution y implicitly. An
explicit expression for the solution can be found 1n this case:
2+ /4+4(x +2x% +2x+C)
2

y2—2y—(x3+2x2+2x+C):O e B T

yzli\/x3 S W o 6



http://bcs.wiley.com/he-bcs/Books?action=resource&bcsId=2026&itemId=047143339X&resourceId=4140

http://bcs.wiley.com/he-bes/Books?action=resource
&bcesld=2026&i1temId=047143339X &resourceld=4140

Example 2: Initial Value Problem (2 of 4)
Sﬁppdse we seek a solution Satisfying j/(O) — 1. Using. the
implicit expression of y, we obtain

HE

y*=2y=x"+2x"+2x+C
(1) =2(-)=C = C=3
* Thus the implicit equation defining y 1s

Yy =2y =x"+2x 4 2x+3

; > : ST
% Using explicit expression of y, e —
T T e e
yzli\/x3+2x2+2x—|—C E;ﬁi;’:j
Ve
Pl EvCN D C Y | —
\\‘ ki
% It follows that
y=1-Ax’ +2x> +2x+4



http://bcs.wiley.com/he-bcs/Books?action=resource%20&bcsId=2026&itemId=047143339X&resourceId=4140

http://bcs.wiley.com/he-bes/Books?action=resource
&bcesld=2026&i1temId=047143339X &resourceld=4140

Example 2: Initial Condition y(0) =3 (3 of4)

* Note that if 1nitial condition 1s y(0) = 3, then we choose the
positive sign, instead of negative sign, on square root term:

y:1+\/x3+2x2+2x+4
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Example 2 Domam (4 of 4)

Thus the solutlons to the initial value problem

HE

AR S NI D ) P—
- , 7(0)=-1 =

dx 2(y—1) T e
1Y

are given by

{ 1 .,‘_ < S i ( I
y2 S YAED A D% a3 (implicit) \ ‘

My ey S
Ty T

\MHH-___“._.._._.TIF

g ey e

Al \/X3 +2x> +2x+4  (explicit) R

3x

From explicit representation of y, 1t follows that
y =1 (x+2)+2(x+2) = 1-y/(x+2)(x> +2)

and hence domain of y i1s (-2, ®). Note x =-2 yields y =1,
which makes denominator of dy/dx zero (vertical tangent).

% Conversely, domain of y can be estimated by locating vertical
tangents on graph (useful for implicitly defined solutions).
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Example 3: Implicit Solution of Initial Value
Problem (10f2)

3 Cons1der the followmg 1n1t1a1 Value problem

,  VCOSX
= . p(0)=1
Y 113, ¥(0)

% Separating variables and using calculus, we obtain
1+3y°
X

I[lu+3y{}bwzjcosxdx

4%
ldﬂ+y3:ﬁnx+C

dy = cos xdx

Using the initial condition, it follows that

L

Iny+y’ =sinx+1
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Example 3: Graph of Solutions (2 of 2)
ﬁ_ﬁ;l_ls__'__—!_—__!____!____!____!____'____'___""__"‘__"“
,  YCosx
N 1+3y3 :

y(0)=1 = Iny+y’ =sinx+1

% The graph of this solution (black), along with the graphs of
the direction field and several integral curves (blue) for this
differential equation, 1s given below.

'H-__‘H-\.___,_n-_'_,,.-'_,_.ﬂ-\..__‘ﬁ-\_._\_,___g T
e _.-H.L_‘ﬁ-ﬁ__m___p-’_,_a; -
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Section 1.3: Classification of differential equations:
Some additional terminology

ODE (ordinary differential equation): single
independent variable

Ex: d—y—ay+b

PDE (partial differential equation): several
independent variables

Ex: 92y _ dzy

Ox 0y



order of differential eq'n = order of highest derivative

example of order n: y™ = f(t,y, ..., y(”_l))

", 1

Ex 1: 4% = 4%y — y"y™ has order

9t7yvy! o ymyz’v has order

Ex 2: % =y



Linear vs Non-linear

Linear: agy™ + ... + an_1y' + a,y = g(t)

where a;'s are functions of ¢

Note for this linear equation, the left hand side is a
linear combination of the derivatives of y
(denoted by y*) k = 0, ...,n) where the coefficient
of y¥) is a function of ¢ (denoted ay;(t)).



Linear: ag(t)y"™ + ... + an_1(t)y' + an(t)y = g(t)

Determine if linear or non-linear:

Ex 1:  ty" —t3%y' — 3y = sin(t) is

Ex2: 2¢y"—3y —3y°=0is

Ex 3:

ty — t3y" — In(cos(t)y"" + \/Zr'?/gff) = y'sin(t) is
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