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Vhy Go////"é/’ohb €{<.
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Please /€’7L me K hoa (4 Yot 44/@
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Consequence 2: /\_l/”\_s;_\

If 1)1 is a solution to‘af” +bf"' +cf = h

and 15 is a solution to af” +bf' + cf = k,

then 31 + 519 is a solution to af” +bf" +cf = 3h+ 5k,

I YR A RH S
Sinc is a solution to af” +bf’ + cf‘;“h, h.
Sinc@s a solution togf” +bf’ +cf =k (1) :/Jg;\
Y _ L(€) = o€ L1
Hence L(3% + 3s) = 3L(t1) + 5L(1s) \- (€)= 4 ¥

—_—

| G <j//1.
= 3h + 5k. s S
/l/vvva\ﬁ 'ICZ\'*

Thus 311 + 519 is also a solution to
af’ +bf" +cf = 3h + 5k
af"+bf 4 cf =31+ 5

eH S

———



proto
Pencil

proto
Pencil


{Thm ' @ c101(t) + 02 t) is ag_nﬁ@l solution to

ay” +by' +cy =0,z Auroq 2
)
If v is a solution to
s ay” + by’ +cy = g(t) [*]," Ao 4"”3
Th@l¢l(t) + ca2 @also a solution to | *j 4 4
— :—_;——“‘:

W Moreover if v is also a solution To [*], then there exist

7 il
; constants cj, co such that C (on clortl,

Y= ¢ +61¢1 t) + C2<b2)

Or in other Word
solution to [*]. / T e s Conclos o
c:ﬂ 50’4«4 /ook ///e( 'M/\f

lis a general

Proof:

Define L(f) = af” +bf" +cf. < e

Recall L is a linear function.

S D

Ye Since c191(t) + ca¢2(t) is a solution to the differential

equation, ay” + by’ + cy =0, (v i1
o
o W F_g ,4__“‘7’/
L(C,é "ch.¢1> — LNM—I"(P(S (
AT
¢ c¢
c/

wf[jSince 1 is a solution to ay” + by’ + cy

L(V) = 9(%)
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<9™bytecg ) o L))
We will now show that ¢ + clqbl(t) + co2(t) is also a

olionto (I7 17 1TDBE 4

L (V+6d5ad)= J{F) 4L (g rad)
= 9(¢) + O = j/é)
Lk —\ = :4:“‘.% is a general solution N

C 4 a S0 om0 ay” +by' +cy = I(t), =1 Ayfﬂ/{ﬁ'y
i) - 3 (¢)

We will first show tha@ a solution to the different-
ial equation ay” + by’ + cy = 0. &

L (Y- %)= L) = L(F) = 34500

\ a solution to ay” + by’ + cy = O and

c191(t) + cagpa(t) is a general solution to o e
ay” + by + cy =0, < AYP S

Thug 5 & + c161(t) + 2 (t). €— conclosrom [
BEREEEESSS . ——
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Thm:
Suppose fi is a a solution to ay” + by + cy — 91

and f; is a a solution to ay” + by’
f1 + fo is a solution tfay” + by’ + cy = g1 —|— ga(t

Proof: Let L(f) = af” +bf + cf.

Since f; is a solution to ay "+ by + cy = gl (1), (W >

L(€>:j/

Since fo is a solution to ay” + by' + cy = 92 Gﬁ’ & )
(£,
We will now show that f; + fo is a solution to /&
’{ ﬁbQJr@ gMi—\:qz\t) (po? )
"y +$> [ (£)r((£)= 5 +9,

= £, +4, isa St o (‘P"”‘")

idenote: The proots above work even if a, b, ¢ are fun-
ctions of ¢ instead of constants.
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3.8

Fo solve ay” + by’ + cy = g1(t) + g2(t) + ...gn (t) [**]

—

1.) Find the general solution to ay” + by’ + cy = 0:
C101 + C202 @% 4 ﬂ/y

—_—_—

2.) For each g;, find a solution to ay” + by’ + cy
— ¥

This includes plugging guessed solution 1); into
ay” +by" + cy = g;.

295,

*¥¥] is

The general solution to

>ZL7 = wz+@1+\@+.w

3.) If initial value problem:

Once_general solution is known, can solve initial value
problem (i.e., use initial conditions to find ¢, cs).

ples i 7((0 ) = 7 5o/ue
?//,zo) = < /’c

S
m ﬁffierfvz-

/
/\/0/\/ /wmoﬁ schn
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Solve y" — 4y’ — 5y = 4sin(3t), /y(0) =6, yf<o>7'é‘i“/

1.) First solve homogeneous equation:

Find the general solution to ¢y — 4y’ — 5y = O:

Guess y = €'t for HOMOGENEOQOUS equation:

y = rert’ y/ — 7“2€T

e"t(r? —4r —5) =0

e # 0, thus can divide both sides by e"*:

@M ~5=0
@1)@ —5)=0. Thusr = —1,5.

ot

Thus y = e~ and y = € are both solutions to
LINEAR HOMOGENEOUS equation.

Thus the general solution to the 2nd order LINEAR

HOMOGENEOUS equation is ~
——— . /
—cie '+ 626575) L

Ry
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\ .
¢ Bolution to non-homogeneous eqin:

hn to ay” + b@ L O e
N, C, ()

Guess|y(= Asin(3t) + Bcos(3t) ~ 7,
y" = 3Acos(3t) — SBSM(&)\KB- ¢ eo(m

y" = —9Asin(3t) — 9Bcos(3t) v ESS

Py D,
Y — 4y — by =4dsin(3t) & Sslve fr wdetec priniof
NANNA—~ Céf{-ﬁ(clqu ,4_ V’@ .

' —9Asin(3t) — 9Bcos(3t) by s/ 17
i —9Asin L r 50eSS
A" 12Bsin(3t) — 12Acos(3t) ‘T °° 7

S

—5Asin(3t) — — beos{3t)
12B — 144)sin(3t

3t
— [ (=14B — 12A)cos(3t) =
— ) - A

12B — 14A =

Thus Aa: — =
|

)ThUSB:Zl(%):%\ and A:_%B:_%(%):_%
S — 2% ="
| o

147 .; ~12
Thus y € (—g5)sin(3t) + zzcos(3t
nonhomogeneous equatior.
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hoij vVl 6 1 d'”’\q

equation is
nis
Lﬁcle_t + coe® — (52)sin(3t) + s2cos(3t)

3.) If initial value problem:

ot

Once general solution is known, can solve initial value prob-
lem (i.e., use initial conditions to find ¢y, c3).

% n oN ON_é
NOTE: you must know the GENERAL solution to the ODE

BEFORE you can solve for the initial values. The homogeneous]j
solution and the one nonhomogeneous solution found in steps

1 and 2 above do NOT need to separately satisfy the initial
values.

Solve 3" — 4y’ — 5y = 4sin(3t), y(0) =6, y’'(0) = 7.
e c1e-Cs 0,
General solution: (é: cre ¥+ coe® = (&) sin(3) + %003(@
/
Thu —Cy e‘gp—l— 5(‘295Q (%)003(3@— %sin(f&@

( _ 12 ( 498 _
6=c1+co+ 5 55 — C1+C2

7:—01—'—502—%\‘ %:—014—502
6oy = 4984637 _ 1135 _ 227 Thu@
Cl:%_@:%_%:mj&o = = 158155)/:@

o=
Thus y = (32)e™" + (220)ed — (£2)sin(3t) + £2cos(3t).
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/) 109 227\ | 12 sat(stes

Partial Check: y(0) = (%2) + (225) + £ = 6. SRR

s y(0) = (55) + (152) + &5 Sm:{—/a/
7. |

y’(O):—%+5(%)—§—§ VMI/
v Ve
e—t)// _4(6—15)/ . 5(6—t) — O and (6575)// . 4(6515)/ L 5(€5t) — O
ta sy fo c/\ec/\ 40/776j P

v
CACCk)ﬁj bH oA /()/).\ ej p/\/.%
/S h sr ¢ (o S

(/\’)AO\:A/
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3.5 < [Fow Ao gorl 70

Examples: Find a suitable
differential equationsy Step / : S o/u e 0‘7“'6;7 @ ﬁ
R ENY; S~ r=—q v < %
L) y" —4y" =5y (@ = y=€ JL; homes
% = & O‘A\_

= 2
GUCSS >U:— A e é’\/g/‘jf p 7
~N—

Guess - 5&/1‘) /4'6?,-71— @’fﬁL <

3.) y" — 4y’ — by = 4sin(3t)
Ove S S <

(¢)= AsinGE )+

4.) y" — 5y = 4sin(3t) —

Cuess V(&) /«AMGH

Doq "‘(’/Bcoj(g{— ferom SiHnce Ao y(/ 6(//’\

)y — 4y —22152—E gt—l-gli%,_ D <guabrs -
Guess 2 5 ‘f(%)f Bt C)

\\ oévIOU\S' 7l
60\590( oA

L (ol §Ertirm

——
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7.) y" — 4y’ — by = 4sin(3t)e?!

8.) vy — 4y — by = 4(t? — 2t — 1)sin(3t)e?

9.) vy’ — 4y’ — 5y = 4sin(3t) + 4sin(3t)e*

10.) y" — 4y’ — by
= 4sin(3t)e? +4(t? — 2t — 1)e?t + 2 — 2t — 1



11.) vy — 4y’ — by = 4sin(3t) + 5cos(3t)

12. y—4y—5y—.z 467”\/03\

Pl s O = Ae” >W(> L40) 250 =0
&0655 %;/)}?-f_j
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