2.1 Special cases:
When do we know
a unique solution
exists?




y Calculus 1Jprob|em: hst year

Suppose [ is cont. on (a,b) and ty € (a, b),
VP from Calculus: %% f(1):%(t0) = yo

i ffon
het Nt
y = F(t) + C where F'is any antl—derivamff

Initial Value Problem (IVP): y(to) = o
Yo = F(to) + C' implies C' = yg — F(to)

Henc if domain connected) to IVP:

y=F(t) +yo— F(to)
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First orde ifferential equation:
—eS. \\,\__,

Thm 2.4.1: If@ and g are contmuous%n (a,b) and

the point ¢y € (a,b), then there exists a unique

.

function y = ¢(t) defined on (a, b) that satisfies the
following initial value problem:

y +pt)y = g(t), y(to) = wo.
Prove éy ﬂ/ek///’lj M Jo/é"‘\



Proof: Solve vy + p(t)y = g(t)

- N

Let F'(t) be an anti-derivative of p(t).
Thus p(t) = F'(t)
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[V +p(t)y = g(t) |e
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ef Wy + [F'(t)ef Dy = g(t)ef'® [ ot 2= 5 a0k

NG F() LA
POyl = Jy(t)e <
FOy = [ g(t)eFOdt —s [y = O [ g(t)eFOdt |




Let A(t) be an antiderivative of g(t)ef®.

Note A(t) exists since g(t)ef’® is a continuous
function.

y = e F®) HefOdt — =

Thus general solution — e FBA(t) + Ce F'6

If y(éo) = 1o, then yy = —F(to)A( 0) + Qe Fo R

=  _FH
Thu} (= +F(to) (yo _ e—F(to)A(tO)) o :# O
Thus there is a solution for C' and that solution is

Hence the IVP ¢ + p(t)y = g(t), y(to) = yo has a
unique solution on the interval (a, b).




Let A(t) be an antiderivative of g(t)ef'®.

Note A(t) exists on (a,b) since g(t)ef'® is a
continuous function.

y=eTW [g(t)eFDdt = e FO(A(t) + C)

Thus general solution is@:/e_F(t)A(t) + e T)
If y(to) = yo, then yo = e T A(ty) + Ce Ft0)
Thus C = ¢~ F'(f) (Yo — e_F(tO)A(tO))

Thus 3! solution for C'.

g%erc eX/_Sff A Uh/f0€

Henc@solution defined on (a,b) to the IVP

y +pt)y = g(t),y(to) = v
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First order linear differential equation:
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Thm 2.4.1: If@ndég ;ye continu@us on Sa b) and
the point ¢ty € (a,b), then thetggkists a unique
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Example 1:
p {ty—yzl,

/\/\/\_.\
(= &
T/




/;/]V\\y/%/ Vﬂ/’/:/{’(( -wé’ls

More general case (but still weed hypothesis)

\ hm 2.4.2: Suppose the function f% o
\ _ _of g
4 z—f@,y)andZ—M &'
| are continuous on (a,b) x (c,d) :j__@%%%

and the point (¢ a,b c,d |

Com (o9 x 69,
‘then 3 an interval (to — h,to+ h) C ( ch that
3! function y = ¢(t) deflned on [tg — h tg + @ that

satlsfles the following initial value pro
ATy

ot b _
‘”/:' C{M /,Zg.) (y y(to) ?Jj Alrsiol,/fpe—

K now aeman?

(an c/




@ without solving, determine ,@ he
solution \éxists for the following initial va\y( man

problems: Ainean

If not possible without solving, state where in the
fy-plane, the hypothesis of theorem 2.4.2 is
satisfied. In other words, use theorm 2.4.2 to

(to,Yo0), a solution to IVP, ' = f(t,y), y(to) |

exists and is unique. % - Llp
sn‘“””f

Example 1: ty/ —y =1, ’Um ﬂm,zy'z_

Example 2: ¢/ = In|t b y(3) =6 < net /ﬁcq/"

/ Example 3: — 1' —Q— In|t|, y(3) =6 72 1.1




Example 2:23/’r :@@f y(3) =6
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‘Thm 2.4.2: Suppose the functions

z= f(t,y) and z = %(t,y)?
are continuous on (a,b) X (¢, d)
‘and the point (to, %) € (a,b) X (¢,d),

0
o Ay/a

then 3 an interval (ty — h,to+ h) C (a, b) such that
! function y = ¢(t) defined on (tg — h,ty+ h) that
satisfies the following initial value problem:

//yT fzt@y(to) = yo-]

\

Example 2: 1/ ln‘é‘a y(3) =6 f(“[/f);/é’ /_71}/




Thm 2.4.2: Suppose the functions (0)H%)

= f(t,y) and z = %(t y%?//‘f?/’

— /

are gontlnu-ous on (a,b) X (c, d) I N
and the point (tg,yo) € (a,b) x (c,d), D
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Example 2: i = In|¢|, y(3) =6 (3,¢)
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Thm 2.4.2: Suppose the functions
= f(t,y) andz = ZL(t,y)

are continuous on (a,b) x {c, d) - /\l//g

and the point (tg, o) € (a,b) x (¢, d),
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Thm 2.4.2:

then 3 an interval (g — h.1 L+ h) C (a, b) such that
3! function y = ¢(t) defined on (tg — h,ty+ h) that
satisfies the following initial value problem:

y = f(t,y), y(to) = vo.

Example 2: ¢/ = In|L|, y(3) =6 .
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Example 3: (t2 — 1@ @?: In|t|, y(3) =6
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First order linear differential equation:

Thm 2.4.1: If p and g are continuous on (a, b) and
the point £y € (a,b), then there exists a unique
function y = ¢(t) defined on (a, b) that satisfies the
following initial value problem:

y +pt)y =g(t), y(to) = -
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Example 3: _(%@/1)3/ )1 —w(i’)) =06
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In each of Problems | through 4, determine (without solving the
problem) an interval in which the solution of the given initial value
problem is certain to exist.

. =3y +Un)y=2t, y(1) =2
y + (tant)y = sint, y(w) =0
(4—13)y +2ty =312, y(-3) =1

4. (Int)y'+y=cott, y(2) =3

In each of Problems 5 through 8, state where in the ry-plane the
hypotheses of Theorem 2.4.2 are satisfied.

5. }.' =(1- 1'2 i ),2)1/2
& In |zy|
C1=124y2

7' 'y’ =(,2+.\;2)3/2

0. )"
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