To £ind ‘Z"' = inverse LlaPhkce

The algebra techniques that you will use in ch 6 include

partial fractions,
completing the square,
adding 0, and
multiplying by 1.

1. Look at denominator 57- _‘. 2 s- 'l' S—

‘.‘) Can you factor denominator over the reals? If so,
factor and use partial fractions.

W ey
"‘*ié) Does your denominator equal one of the following?
s”. s —a, s>+ a?, If so, use the appropriate formula.

iii.) Do you need to complete the square? Example:
10s* +60s + 91 = 10(s” + 65) + 91 A — U'\“"

=10(s?+6+9—9)+ 91 a
= 10(s? —I—6—I—9)—90+91 "
= 10(s +3)% +
N éac
2. Look at the numerator o" m

i.) Do you need s — a? Try adding 0. For example to
make s + % appear in 5s + 21:

Fs+21 =5(s+3) -2 421 =5(s+2)+ 2]

ii) Do you need b7 Try multiplying by 1. For example,

: 7 27, 27 _ 27 [4 [7
if you need 4/ 7, but you have 5-: 5 = 5 \/;\/;



6.2 Solution of Initial Value Problems 321

TABLE 6.2.1 Elementary Laplace Transforms

@) = LTHF ) F(s) = L{f@) Notes
1. 1 1, s> 0 Sec.6.1;Ex. 4
K}
1
2, & s>a Sec. 6.1;Ex. 5
S—a
1
3. ", n = positive integer s:’ﬁ, s>0 Sec. 6.1; Prob. 31
r 1
4. 1P, p>—1 (fp: ), 5> 0 Sec. 6.1; Prob. 31
. a
5. sinat -, s>0 Sec. 6.1; Ex. 7
sc+ a*
I 6. cosat —;—f——z, s>0 Sec. 6.1; Prob. 6
s< 4 a
On 7. sinhar L s>l Sec. 6.1: Prob. 8
5« —
8. coshat > § > s > |al Sec. 6.1; Prob. 7

. e"sin bt Sec. 6.1, Prob. 13

. €"cos bt Sec. 6.1; Prob. 14

. "e¥, n = positive integer Sec. 6.1; Prob. 18

12, () "; . 5>0 Sec. 63
13. w.(Of(t—<) e~ F(s) Sec. 6.3
? 14. e“f(1) F{s—o¢) Sec, 6.3
. 15 f(en) 1F(5), ¢>0 Sec. 6.3; Prob. 25
7 C C
/“
t
}.// a) a16. / ft—-glydr F()G(s) Sec. 6.6
> i}
&% lek |
& B P 17. 8¢t ~c) e Sec. 6.5
"\ ~ S ,f- _g 18 STE(s) — s"LU(0) — - — D) Sec. 6.2; Cor. 6.2.2

00
r 19. (=0 () F(s) Sec. 6.2; Prob. 29




) =0, 3"(0) =0, y”’? IU

L(y™) = £(0) Cchar e
— 5%10y(0) — 5°y'(0) — sy (0) —y""(0) = 0

choracehishc cn
poly hem
LW = e/ -F(g)

Solve (i.e., solve for y): = q g P "3 "'e"‘
(y -0; ) =0, y'(

y = L71(3]) Formula 3: £71(25) = ¢"



Solve (i.e., solve for y): &haloéh,;s‘h c

G2+ =00 s

L(y" +2y" + 5y) = L(0)

E&y_”l—l— 2/:%’2 + 5‘5:(3/) =0
S2L(y) — sy(0) —y'(0)
+2[‘f£(y) — y(0)]

+34(y) =0
SL(y) —s =T
+2[sL(y) — 1]
+3£(y) =0
s?°L(y) —s—T
+2sL(y) — 2

+5L(y) =0 CA"'QC/'
(s* +25s+5)E(y) =s+T7+2 pOA/ %

Tt I
y = L1 (2t ) q- lm)()')<0
com plex /oo

s242s54+5/



. r-1 +9
y——ﬁ (32+238+1—1+5>

Yy = ‘C_l ( (3_1_18)_2'_81_}_5)

[ s+9
y—ﬁ 1((34_1—,32_;_4)

Y= ﬁ—l((ssjll);riﬁ

— r—1 s+1 8
y=L ((s—|—1)2—|—4 + (s—|—1)2—|—4)

_ p s+1 - 8
y=L 1<(s—|—1—|32+4) +L 1((s—|—1)2+4)

Y= ﬁ_l((sfl—S%M) +4L7( (s+12)2+4)

y = e tcos(2t) + de~tsin(2t)

> Partial Check: Plug y = e’ into " + 2y + 5y = O:
\@\i Characteristic eqn r? + 27" + 5 = 0 implies

\
QS (r+1)*+4 =0 and thus (r +1)% = —4.

%i Hence 7 +1 = /—4 = +2. Thus r = —1 + 2;
§ ™

Q Ny and the general homogeneous soln is

y = cie”"cos(2t) + cae~'sin(2t)

Partial Check:
y(0) =1 for IVP soln y = e ‘cos(2t) + 4de~*sin(2t)

1 = e%cos(0) + 46037271(0)‘/Where equality does hold

Partial Check: y’(O) — 7 too much work due to product rule.



6.3: Step functions.

0 t<ec
1 t>c¢

Graph u.(t) = {

* (%ﬂn(%)?o < <7
Graph h(t) = u,(t)sin(t). = ;[ st = sint £ 77\




<M
[ E8) =226 +02T=0F
9 £
t <

Graph f(t) =
) = 2 + un (t)[sin(t) — 2] = {
St > n

yasarn
[ ;/c/+ [ [ s (€) —%j
P

)= 4"
) {ln(t) g§i<4

implies h(t) =



