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Initial value: A chosen point (¢, 1)
through which a solution must pass.
l.e., (to,yo) lies on the graph of

the solution that satisfies this

initial value.

Mﬂtial value problem (I\E}) A differential equation
where initial value is specified. e

An initial value problem can have 0, 1, or multlple
equilibrium solutions (finite or infinite).




@@ Section 2.4: Existence and Uniqueness. & 4 b

—_——e——
In general, for_IVP /y = f(t,y), y(to) —yOJ
solution may or may not eX|st and sofution may or
may not be unique. I

) Does there exist a solution to the DE

? 0‘4'/6/\ hee/ fo Jd//e nUMZ///%

If no, then solution to IVP y' = f(t,y), 4 f
ey r<
0 — yo does not exist. ~ e i s
WI’D
If yes, eneral solutionto DE 3’ =f(t,y) i
will incl de a constant term C_ s0in
covld be more i Srmsle - 4)"(‘,0;?{—

) If solution exists to DE ¢’ = f(¢,y), then d{)es

0\, here exist a solution for C to IVP, y(tg) = yo and |s]
at solution unique.




Examples: No solution:

Ex 2 (y’)2:—1 __/_—; 7o }’"6@/" yw/uec/ fdé’w
fo_g/#}reﬁby’ ‘# Ne 71t £ )R — //Q

e = E)d:c — ln|y| =z + Inlz|+C

x+In|x|+C

— eZellzlelC — O'ge®

Thus general solution is y = C'ze” 7

y(0) =1:) 1=C(0)e’ =0 implies /£~ ()
IVP 2 = y(1 + 1), y(0) = 1 has no solution.




Ex 3a (IVP): £ =4(1 + o) y(0) =1
http: / /www.wolframalpha.com
d.

slope fie

11, y(1

i/a:)}/sqrt(l

A SN




Ex 4 (IVPYx % = Lo=sby(0) = 5. Colleiha]
ﬁ {$3d5€ B
General solution: ¢y = @3 + C

Initial value: y(0) =5 5=05 +C
Thus C =5

Thus IVP soln: y = '} +?}

£(x) = x5 +5S _
£ R — -




Section 2.4: Existence and Uniqueness.

In general, for IVP ¢/ = f(t,y), y(to) = wo
solution may or may not exist and solution may or

may not be unique.

1.) Does there exist a solution to the DE
y = f(t,y)?

If no, then solution to IVP ' = f(t,y),
y(to) = yo does not exist.

If yes, then general solution to DE v = f(¢,y)
will include a constant term C'.

2.) If solution exists to DE ¢ = f(¢,y), then does
there exist a solution fdr C 1o IVP, y(ty) = yo and is
that solution unique.



Ex 3b (IVP): % = y(1 + %), y(—1) =1

http: / /www.wolframalpha.com

The general solution is ¥ = (we®

y(—1) =1 1 =C(+1)e =implies C = —e

IVP solution: y = —exe”



# Example Non-unique: 3’ = y%, y3)=0 &L




Example Non-unique: ¢/ = y%, y(3) =0
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Example Non-unique: v = y3, y(3) =0

But y = \/(gat— 2)% and y = —\/(ggz;— 2)3
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are not the only solutions to this IVP.
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Classic counter-example slope field: ¢/
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Example Non-unique: ' = y3, y(3) =0

But y = \/(§:U —2)3 and y = —\/(§$ — 2)3
are not the only solutions to this [VP.
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Example Non-unique: i’ = y3, y(3) =0
y = 0 is a solution to 3 = y7

since v/ = 0 = 03 = y3
and y(3) = 0 since y(t) = OVt

Suppose y # 0. Then dy — y3 implies ¥y 3dy = dz

fy_ﬁdy = [ dx implies %gﬁ —r4+C

s = %:U + C implies y = ::\/(%QZ’ + ()3

General solution:

) 0 t < —3C
o 0 ::\/(%Q’J—I—C)?’ t > —%C




General solution:

-

Q]

0
::\/(§:17 - 0)3

IVP:  y(3)=0. Then 0 =+/(2+C)? = C=-2.

VAN
|

~
Y
|

y=0 or y=q«

A

DO[Ce DO

\

The IVP, ¢/ = y%, y(3) = 0, has an infinite # of sol'ns:

y=0, y= \/(ggg _2)3, 4= —\/(§$ —2)3, and ...



General solution:

-

Q]

0
::\/(§:17 - 0)3

IVP:  y(3)=0. Then 0 =+/(2+C)? = C=-2.

VAN
|

~
Y
|

y=0 or y=q«

A

DO[Ce DO

\

The IVP, ¢/ = y%, y(3) = 0, has an infinite # of sol'ns:

0 t< A
::\/(3$——A) t> A

y=0 or y=~ where A > 3

\



=Y

NNNNNNN
AN N NANANAN
NNNNN NN
NONNNNN N
NONNNNN N
AN NN NANANAN
AN NANANANAN
NONNNNN N
NONNNNN N
NN NN N

AN
AN
AN
AN
AN
AN
AN
AN
AN
AN

Classic counter-example slope field: ¢/

T NN N N N
AN NE NN NN
NONNNNAN
NN NN NN
AN NN N NN
AN NN N NN
NN N NN
AN NENA NN
NN\
AN NN N NN

SIS
I ST ST
R e e et
Y T Y O
DN NN N N N N N N LN N N N N N N N NN
AN N NN N TR T Y N N N N N N NN

' A Ay A A
AN
\A\\\\\
AN
AN
NN
AN
AN
AN
AN



Special cases:
When do we know
a unique solution
exists?



Csistance.
Find the maximum height above the ground that the ball
reaches.

D 17. Assume that the conditions are as in Problem 16 except

that there is a force due to air resistance of magnitude |v|/30 directed
opposite to the velocity, where the velocity v is measured in m/s.

a. Find the maximum height above the ground that the ball
reaches.

= | —— N i \
opposite to the velocity, where the velocity v is measStured

a. Find the maximum height above the ground that the ball
reaches.
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