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Defn:  x = y   mod z     if    x – y  is a multiple of z 
 
Examples  mod 12: 
 

 



Defn:  x = y   mod z     if    x – y  is a multiple of z 
 
Examples  mod 12: 
 

3 = 15 mod 12 since 15 – 3 = 12 is a multiple of 12 
 
3 = 27 mod 12 since 27 – 3 = 24 is a multiple of 12 
 
3 =  -9 mod 12 since -9 – 3 = -12 is a multiple of 12 

 
12 = 0 mod 12 since 12 – 0 = 12 is a multiple of 12 
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12 = 36 

12 = 24 
12 

27 3 15 9 33 21 

3 = 15 = 27 mod 12 9 = 21 = 33 mod 12 

-12 = 0 = 12 = 24 = 36 mod 12 mod 12 
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mod 12 
 
twelve  =  XII  =  12  =  24  =  36  =  48  =  -12  =  -24  =  0 
 

mod 12:   Z12  =  {0, 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11} 
 
   Addition:     13 + 12  =  1 + 0  =  1 mod 12 

 
 15 + 72  =  3 + 0  =  3 mod 12  

 
 23 – 16  =  11 – 4  =  -1 + 8  =  -1 – 4  =  -5  =  7 mod 12   
 
   Sidenote:  3 × 4 = 0 mod 12 



Video insert:  mod 2  = light switch 
Mod 2 arithmetic can be illustrated via a light switch 

0  =  no light 

1  =  light 

1 + 1  =  0  =  no light 

1 + 1 + 1 + 1  =  0  =  no light 

0  =  2  =  4  =  6  =  no light 

1 + 1 + 1  =  1  =   light 

1  =  3  =  5  =  7  =   light 



mod 2 
 
two  =  II  =  2  =  4  =  6  =  8  =  -2  =  -4  =  0  mod 2 

 
i.e., any even number mod 2 = zero 

 
one  =  I  =  1  =  3  =  5  =  7  =  -1  = -3 =  -5  = -7  

 
i.e., any odd number mod 2 = one 

   

mod 2:   Z2  =  Z/2Z  =  {0, 1} 



Defn:   x = y   mod z     if    x – y  is a multiple of z 
 
Examples: 
 
   0  =  2  mod 2 since 2 – 0 = 2 is a multiple of 2 
 
   0  =  -8  mod 2 since  -8 – 0 = -8 is a multiple of 2 
 
   1 =  3  mod 2 since 3 – 1 = 2 is a multiple of 2 
 
   1 =  -1  mod 2 since 1 – (-1) = 2 is a multiple of 2 
 
 
 
 



Addition modulo 2  two  =  II  =  2  =  4  =  6  =  8  =  -2  =  -4  =  0  mod 2  i.e., any even number mod 2 = zero  one  =  1  =  3  =  5  =  7  =  -1  = -3 =  -5  = -7   i.e., any odd number mod 2 = one    mod 2:   Z2  =  {0, 1} 
 
    Addition:       even + even = even = 0 

4 – 10 = 0 + 0 = 0 
 

even + odd = odd 
24 + 15  =  1 + 0 = 1  

 
  odd + odd = even = 0 

1 + 1 = 0 



e2 e1 

e4 e5 

(e1 + e2 + e3) + (e3 + e4 + e5) = e1 + e2 + 2e3  + e4 + e5 
 

                                                                       = e1 + e2  + e4 + e5  mod 2 

e2 e1 

e4 e5 

e3 

With  Z2  =  {0, 1}  coefficients: 
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