CS4350: Logic in computer Science

Normal Forms

> <

(——)$(—D\L_|

Logical Operators

- Disjunction Do we need all these?
- Conjunction

- Negation

- Implication A—>B=—AVvB

- Exclusive or ADB=(AA—-B)v(—AAB)
- Biconditional A<>B=(A—>B)A(B—A)

- Nand ATB=—(AAB)

- Nor Al B=—(AVvB)
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Logical Operators

There are two nullary Boolean operators, 1, which is

interpreted as true, and 0, which is interpreted as false.

There are 4 unary operators:

—f1(x) = 0; f,(x) = 1; f3(x) = x; and f,(x) = — x.
There are 16 binary Boolean operators:

—A Vv, =, ®, <, T, and  are some of them.
There are 64 trinary Boolean operators:

—ite(x, y, z) =if xthen y else z is one of them
—ite(x,y,z)=xAyV—aXAZ

How many n-ary Boolean operators? 22n

Functionally Sufficient

A set of logical operators is called
(functionally) sufficient if every formula is
logically equivalent to a formula involving only
this set of logical operators.

A, V, and — form a sufficient set of operators.
Are there other sufficient sets?

YES, because AAB=—(— Av —B), we may
drop A and leave v and — as one.
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Functionally Sufficient

e {v, = }issufficient.
* { A, = }is sufficient.
{ite, 0, 1 }is sufficient:
e - x=ite(x, 0, 1)
* X Ay = ite(x, ite(y, 1, 0), 0)

ITE operator can implement any two variable
logic function. There are 16 such functions
corresponding to all subsets of B:

ITE Operator: ite(f,g,h) = fe+ fh
| Outputoéo(x, y) on (0,0, (0,1), (1,0), and (11) | g = itely, 1,0y = itefy, 0, 1)

Subset Name Expression Equivalent Form

0000 constant 0 0 0

0001 AND(x, y) XAY ite(x, y, 0)

0010 x>y X A=Y ite(x, y, 0)

0011 1st projection X ite(x, 1, 0)

0100 X<y —XAY ite(x, 0, y)

0101 2d projection y ite(y, 1, 0)

0110 XOR(X, y) X®y ite(X, vy, y)

0111 OR(x, y) XVy ite(x, 1,y)

1000 NOR(x, y) x4y ite(x, 0, y)

1001 EQ(x, y) Xy ite(x, y, y)

1010 NOT(y) -y ite(y, 0, 1)

1011 x>y Xv-ay ite(x, 1, y)

1100 NOT(x) - X ite(x, 0, 1)

1101 X<y —XVYy ite(x, y, 1)

1110 NAND(x, y) xTy ite(x, y, 1)

111 constant 1 1 1 6




Are —(pv(—pAq))
and (—p A —q) equivalent?

—(pv(—=pAq))
—p A =(=pAq)
—p A (=—pv—q)
—p A (pv—0q)
= (=pAP)V(=p A—q)
= (pA—P)V(=p A—q)
=0V (—p A—0q)
= (—p A—q)

DeMorgan
DeMorgan

Double Negation
Distribution
Commutative

And Contradiction
Identity

Normal Form

So —(pv(—pAq)) and (—p A —q) are
equivalent, even though both are expressed
with only A, v, and —.

It is still hard to tell without doing a proof.

What we need is a standard format of a
formula that uses a small set of operators.

This unique representation is called a Normal

Form.
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Normal Forms

A restricted set of formulas such that other
equivalent formulas can be converted to.

* NNF: Negation Normal Form
—Use{—,v,A}

* CNF: Conjunctive Normal Form
—Use{—, v, A}

* DNF: Disjunctive Normal Form
—Use{—, v, A}

* INF: ITE Normal Form
— Use {ite, 0, 1}

Negation Normal Form

* Aliteralis either a propositional variable
(positive literal) or the negation of a
proposition variable (negative literal).

* Aformalisin negation normal form (NNF) if
the negation symbol appears only in literals.

* Example:
*—p A—(Q, (mp A—q) v rarein NNF.
* —(pVv(—pAq)) is not in NNF.

10
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Obtaining NNF

* Use the following relations to get rid of >, ®,
>, T, and 4

*A—>B=—-AVB
*AD®B=(AA—B)Vv(=AAB)
*Ac>B=(—-AVvB)A(—=BVA)
*ATB=—(AAB)
*AlB=—(AVB)

* Use De Morgan's Laws to push — down:
*—(AAB)= —-Av —B
*—~(AvB)= -AA—B

11

Obtaining NNF

* Simplify formulas with the following axioms:

‘pvi=l 0=

*pA0=0 .ﬁ?;é

‘pv0=p =

pAl=Dp . VE 21

‘PVP=D .gAﬁgEO
*PAP=D

*pPvq=qvp *(pvvr=pv(qvr)
*PAQ=QAD *PAYPAT=EpA(qQAT)

12
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Conjunctive Normal Form (CNF)

* Adisjunctions of literals is called a clause.

— Duplicate literals are removed from a clause

* ACNF is a conjunction of disjunctions of
literals (product of sums (PQOS))
— Duplicate clauses are removed from CNF

Example:
*—p A—(Q,—pV—qVvrarein CNF
* (pA—q)V(—pAq) is not in CNF.

13

Obtaining CNF

At first, convert the formula in NNF.

Use the distribution law to push v down:
*XV(AAB)= (XVA)A(XVB)
*(AAB)vX= (XVA)A(XVB)

Simplify formulas as we do for NNF

Theorem: Every formula has an equivalent
formula in CNF.

14
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Disjunctive Normal Form (DNF)

* A conjunctions of literals is called a minterm
(or product).

— Duplicate literals are removed from a minterm

* ADNF is adisjunction of conjunctions of
literals (sum of products (SOP))

— Duplicate minterms are removed from DNF
Example:
* —p A —q, (pA—q)v(—pAq) are in DNF.
* (—p v —=q) A risnotin DNF.

15

Obtaining DNF

At first, convert the formula in NNF.

Use the distribution law to push v down:
*XA(AVB)= (XAA)V(XAB)
*(AVvB)AX= (XAA)V(XAB)

Simplify formulas as we do for NNF

Theorem: Every formula has an equivalent
formula in DNF.

16
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Full CNF and Full DNF

* A CNF is a full CNF if every clause contains every

variable exactly once.

— If a clause C does not containy, replace C by
(Cvy)a(Cv—y)

A DNF is a full DNF if every minterm contains

every variable exactly once.

— If a midterm A does not contain y, replace A by
(Any)V(AA=Y)

17

Normal Form vs Canonical Form

A canonical form is a normal form which has a
unique representation for all equivalent
formulas.

Advantage: Easy to tell equivalent formulas.

To show A is valid, check if A’s canonical formis 1.
CNF and DNF are not canonical forms:
(pvralav=r)=(pvalalpvralgy—r)
(pAr)vi@a=r)=(pag)vipar)viga=r)

Full CNF and Full DNF are canonical forms (up to the
associativity and commutativity of A and v).

18
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Get Full DNF & CNF from Truth Table

Truth table is popular for defining Boolean functions.

ab
00
00
01
01
10
10
11
11

c

O R OmFR OO

1

out

O ROMFR OO

1

minterms  clauses

my=abc Mjy=a+b+c
m,=abc M,=atb+c
m,=abc  M,=a+b+c
ms=abc  Ms=atb+c
m,=abc M,=a+b+c
m=abc Mg=atb+c
mg=abc Mg=atb+c
m,=abc M,=a+b+c

iin m; and M; is
the decimal
value of abc (in
binary)

- m;= Mi

DNFf1=z;b_c+5bc+a5c=m1+m3+m5+m7
CNF £, = (a+b+c)(a+b+c)(a+b+c)(@+b+c) = MM, M, M,

19

Get Full DNF & CNF from Truth Table

DNFf1=z;b_c+5bc+al:_)c=m1+m3+m5+m7
CNF £, = (a+b+c)(a+b+c)(a+b+c)(a+b+c) = M;M,M,M,

Do f; and f, define the same function?
YES.
—fi=mMg+ my +my +mg
(0,0,0),(0,1,0),(1,0,0), (1, 1, 0) are models of — f;;
not models of £;.

*

= —fi=—(mg+my+m,+mg)=
MM, M4M¢ = 1,

because — m, = M,;

20
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Method 2: Obtain Full CNF

e Construct a truth table for the formula.

* Use each non-model interpretation in the

table to construct a clause.

—If a variable is true, use the negative
literal of this variable in the clause

—If a variable is false, use the variable in
the clause

* Connect the clauses with A’s.

21

How to find Full CNF of (p v q)—>—r

There are 3 no-model
(tpv—=gVv—=ar)A(=pvagVv—=r)a(pv-—gyv-—r)

p g r | (pva) —r (p Vv q)—>—r
1 1 1|1 0 0
1 1 0|1 1 1
1 0 1|1 0 0
1 0 0|1 1 1
0 1 1|1 0 0
0 1 0|1 1 1
0 0 1|0 0 1
0O 0 0|0 1 1

interpretations: 3 clauses.

22

9/14/2020

11



Method 2: Obtain Full DNF

e Construct a truth table for the formula.

e Use each model in the truth table to
construct a minterm

—If the variable is true, use the variable in
the minterm

—If a variable is false, use the negative
literal of the variable in the minterm

e Connect the minterms with \/’s.

23

How to find Full DNF of (p v q)—>—r

p g r | (pva)|-—r (p Vv q)—>—r
1 1 11 0 0
1 1 0|1 1 1
1 0 1|1 0 0
1 0 0|1 1 1
0 1 1|1 0 0
0 1 0|1 1 1
0 0 1|0 0 1
0 0 0|0 1 1

There are 5 models, so there are 5 minterms

(pVv q)oar = (pArga—r) Vv (pA—gA—T) Vv
(mpAgA—T) V (mpA—=QAT) V (—pA—gA—T)

24
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Dual of NNFs

Dual of a NNF formula is another formula where A
is replaced by v and v is replaced by A and the
sign of literals are changed.

* dual(p) = —p if p is a positive literal

* dual(— p) = p if p is a negative literal

* dual(A v B) = dual(A) A dual(B)

* dual(A A B) = dual(A) v dual(B)
Example: dual(—pv —gvr)=pAgA—r
Theorem: If Ais in NNF, then dual(A) is in NNF
and dual(A) = — A.

Proof: Induction on the structure of A and use DeMorgan’s
laws.

25

Obtain Full DNF from Full CNF

If Ais in CNF, then dual(A) is in DNF and vice versa.

If we have a method to obtain full CNF, we may
obtain the full DNF of A from the full CNF of — A.

If B is a full CNF equivalent to — A, then dual(B) is a
full DNF of A.

If B is a full DNF equivalent to — A, then dual(B) is a
full CNF of A.

26
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Binary Decision Diagrams (BDD)

* Compact data structure for propositional

logic, using only ite, 0, and 1.

— can represents sets of objects (states) encoded
as Boolean functions

e Canonical Form
— reduced ordered BDDs (ROBDD) are canonical
— Important tool for circuit verification
— Can display as a directed graph.

27

27

Binary Decision Diagrams (BDD)

* Let + denote v, x” denote —x, product
denote A (often omitted)

* Let f,and f,. denote f[x <-1] and f[x «-0]
* Based on recursive Shannon expansion

f = xnf,v —xnf_, = xf,+x"f,
* Equivalently, f = ite(x, f,, f.)

* ite(x, y, z) stands for “if x then y else z”

28

28
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Shannon Expansion — BDD

* g=f,=fla=0) = be
h=f,=fl@a=1)=c+bc

9y = (bC)p=o=0
9y = (bC)p-1=¢C
hy = (c+bC)p=p=C

hy, = (ctbc) - =c

f=ite(a, h, g), g =ite(b, i, 0),

h =ite(b, i, i), i = ite(c, 1, 0) ' ]
29
BDDs
* Directed acyclic graph (DAG): one root node, two
terminals 0, 1; each node has two children, and a
variable.
* Reduced:
— any node with two identical children is removed
— two nodes with isomorphic BDD’s are merged
* Ordered:
— Splitting variables always follow the same order
along all paths
Xi > X >X > ..>X
1 2 3 n
30
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Example: Variable Orders

root

node <+——— f=ab+a'ctbc'd =—— a
,' : \ | '
c+bcd : g b+bc’d c+bc'd <
’ 0
d
. @ ct+c : db (¢ \
d b
d

Two different orderings, same function.

31
OBDD
Ordered BDD (OBDD): Input variables are ordered -
each path from root to sink visits nodes with
labels (variables) in descending order.
ordered Not ordered
order =a,c,b
‘a
A'/ \4
AL .C
0
32
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ROBDD
Reduced Ordered BDD (ROBDD)

Reduction rules:
1. if the two children of a node are the same,
the node is eliminated: replace ite(v, f, f)
by f.
2. two nodes have isomorphic graphs =>
replace by one by the other

These two rules make ROBDD as a
canonical form, so that each node represents
a distinct logic function.

33

BDD Reduction Rules -1

1. Eliminate redundant nodes
(with both edges pointing to same node)

f=a’g(b)+ag(b)=g(b)
(fo=1s)

f=ite(a,g,9) =f=g

34
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BDD Reduction Rules -2

2.Merge duplicate nodes (isomorphic subgraphs)
® Nodes must be unique

1
1
1
1

fi=a’g(b)+ah(c)=f, fi=1;

f,=ite(a, h,g)=f, = f, =1,

35
BDD Construction from Truth Table
* A slow method for getting a Reduced
Ordered BDD 1 edge
f=ac+bc f - - - 0edge
abec f (3)
000]0 Rt
001]0
010]0 ,
01 1|1
100(0 (<)
1011 / /
1100 ‘ ‘
1111 [0] [o]
Truth table Decision tree
36
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BDD Construction — cont’d

1. Merge terminal nodes 2. Merge 3. Remove redundant
duplicate nodes nodes

37

37
Recursive Construction of ITE
Algorithm ROBDD (A)
// input: formula A
// output: the ROBDD node of A
// a hash table for triples (v, x, V).
if (vars(A) = {}) return simplify (A7)
:= TOP_VARIABLE (vars(A)) // top variable
:= ROBDD (f[v « 1]) // recursive calls
:= ROBDD (f[v « 0])
if (x = y) return x // reduction
p := LOOKUP HASH TABLE (v, x, V)
if (p # null) return p // sharing
return SAVE CREATE NODE (v, x, y)
38
38
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Example: ROBDD(A)

F /G H ™ A
/
a / a b \ a
\ { \ ~0 \ ~0
1/ 0 YV 0 1 S0 C1_/ e
b C© mm o\ 4
/N0 1/ 2 N
W m W - N 5

A =ite(F, G, H) v poners
= (0, ite(F,, G,, H,), ite(F 5, G 4, H ;))

= (0, ite(1,C,H), ite(B,0,H))

= (o, C, (b,ite(B,,0,H,), ite(B;,0,H))

= (o, C, (b, ite (1,0, 1), ite (0, 0, D)))

=(a, G, (b, 0, D))

=(o, C, J) // both J and A are new nodes

39

39
Application to Verification
* Equivalence Checking of combinational circuits
* Canonicity property of OBDDs:
— if Fand G are equivalent, their OBDDs are identical
(for the same ordering of variables)
(@) F=a’bc+abc+ab’c G = ac +bc
C?\ N :
[o] [] .
40
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Effect of Variable Ordering
(ay Ab) v (ay Aby) v (a3 Ab3)
Good Ordering Bad Ordering

Linear Growth Exponential Growth

41

Static Variable Ordering

» Variable ordering is computed up-front based on the
problem structure

* Works very well for many combinational functions

that come from circuits

— general scheme: control variables first
* Work bad for unstructured problems

— e.g., using BDDs to represent arbitrary sets
* Lots of research in ordering algorithms

— simulated annealing, genetic algorithms

— give better results but extremely costly

42

42
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