CS 4330
T’"eﬂ“}' of Computodion

Home wor k 1 Solutions

0o Let R be the relation on IR given by xRy {f |’<"}’ISQ..
Reflexive + Wand 4o show, \leelR, X~ X

= Ix-x| g2, WeR

= 02, VkeR

=> \x—y[g:)_ s re.“ex(ve

Symmetnic: Want 4o show \‘/x,yc-]R , & x~y Hhen Y VX

(1')
(i)

X=y<L = y-x>-2
= Since lx—)’lil , +hen { rex yX

R-y2-L=>y-xg g
= From (\) o\nJ (n) we conclee. ]y—x}g €L

= \x-y‘il i's Syﬂ)Mﬂ‘*ffC VX,VG‘R

NO"' Tronsitive: Wavrl’ Yo show VX,Y,ZGIR I'Q- X’\-Y omcj )I"'Z/ +hen XA Z

Wsing o Cownter example
= let x=9, y=7 and 2=5
= 19-7|s2 and |9-5|<a
= Ix-yl<z and ly-z|sa
= X~y oand y~Z
=y However, |q-s|=4%, 4>2
=y X#*1Z

= \X'Y! <2 ir not +ransitive VK/ Y, 2 € ’R



Q.7b)

Led R be the relation on IN yven by xRy i§f x=ny , nelN

Re’}\exive; \/\/cw\‘l' to show \VIXG IN, X~

= X._
x-n
= n=1, aeN

= X=ny is Reflexive | neN

Not Symmeteic: Want Yo show Vx,yelN, i X~y then y~x s false
=7 let x=4 and yz
= 4=2n |
=y %fn
= n=2, 2elN
=> However: A=Y4Yn

. .
= n:-—\—*-*"i )l;_¢lN

= X=ny is not symme‘l'f‘\‘c

Teansitive; Waab o show Vxy,z €N it x~y and y~z , 4hen x~7

—_—

=>  X=ny wid y=mz, n,me[N

= x=n(mz)

= (nm\Z
Let a=nm, ae N
= X=0Z

= X~Z

=> X=ny is Hransiive.



O‘qc‘b \_e.'\- R Ee_ -We N’-)R'\'l'ov‘l on 'H'Ae, hocl'ural ﬂb\mlaers 3\'V9V\ L)/ XRY i££ X)’? :1

Not Reflexive: Want to shaw Yxe N ) XX 1‘«\:@.

=y Llet x=0
=2 xx=0%1

= xy=2 1 s ned Rellexive

gzmme%ic‘. \Jav\lr o show Vx,y GN, i§ Xy then Yy~ X

=7 I X\/21 then \7\{ q:socfauhwq'y yx21 Vx,y G’R

=Y XY=z 1 is Symmedric

Transibive: Wond 1o show Vx,y,z elN, i§ X~y ) y~2 then x~z

% I3 Xyz1 oand vz21

= x221 \V/x/y,z S lN

=S )(\7'2:\_ is Transiive



O-” 0‘5 \'\/o\n" 1o prove g(n\= %'h(n{’i) Whﬁr@ g(n\= Hl_+...+n

= Prove w = n(d ; Vh e IN

SUn)

Prook

"3 Dase case: n=1, s()=1

= 1= A(14+1)

A
S 1= 1(2)
Ty
=y 1= 1
=>  Siice the Jef4 lnomJ S(’Je 'S equ«ax, +o the N’alﬁ lan SI’Jg

(1) s 4rue,

H) Inluchoy\ H\(pon‘ieﬂ'S’, Suppose 141*"'+k: \ﬁ‘:}g Qol‘ some k&lN

Thduckion S\eg A Nee-s Yo show that S(n3 is frue when n=kt1
= We need Yo show At Lt + (kD= (k%l:fkﬂ)

Nobe: Ar 244 (k1) = 4tttk (k1)
\___/V_—/

K (k+4)

——

€L

= k(k41) y k1 (Usfn:‘ induckon l\ypa%e;(S)
xX

1]

k(D) 4 1k
L L

K=tk t2k+L
B,

k* 33k 42
£

(\c+D) (1 +2)
xX

N %o ‘S(H—ﬁ is 4rue,

v B\, Mo\‘“\evno\)r«'co.\ {r\Jv\an'an ) %(vﬂ is true VnelN



Q.ll L) \/\/cmjr Yo prove* C(n\: 'LL}nl(nl’ﬂ)L where C(n): '3L3-3+-..+ I‘l3

=> Prove: \3¥l3+..‘+n3=‘&“1(n+l\?' ,

VnelN
Pf‘oa'c

IS Base Case t n= 1, C (1)

= = \_ﬁw’“m&

= 1= -}_F('J.DL
S 1= L)
=S 1= 1

= Sl'ﬂce. Hre \e.!t“‘> \mm] sl‘Je Vs equal Yo the rl'aH anc) ste.
C (D) is +rue.

m Tnduckion Hl’po‘H\esfs . Sv\ppose. Bt bk = llsz'(kﬂ)l Lor some keIN

Iy\guc“on S\-e& Neeé do S‘mw ‘Hmﬂ' CO") (s true when ns k\‘l

=> We need 4o show: 2* 323 4., 4 (k32) = l*-(u'l‘)"‘(kﬁ.)q'

Note: 22422 tot (14) = 242340 4 K2 +(ks2)

o S
RGO

= -,l_-i_k.L (k+ﬂ)l (k4 1}3 (USMS Tnduchion hrpa‘\‘hesis)

= L) L) ()

= £ (D" (K14 +Y)
= .{F(H‘DL(kJrl)l

=5 So C(k+1) is 4rue

e By Mw‘rkemo_“co\l \'nJuch'on/ C(") i's true \V,YIGN



40 L= S wl w has o Jeash dwrce s ond ob least dwo b3

= L= g Wl W has o least dhree o\’sg

= L = QW‘ W has ot leas+ Iwo B’:%

DFA Qoi‘ L\'-
= o o o y
O O COR®

RQCQ“ '“A&"’ o DFA iS o 5"+‘4Pl&:

M= (a,s,8, 4, F)
Where s

Q is the set o-{3 states
2 s 4he input o\\[:lu\lw_-‘-

S is Yhe transihion Lunchion
4o is dhe stact shate

F s the set of Smal shades

1. Set of stales: Q= { A,B,C, D%
2. Tnpub alphabett T <€ o, b3

2, TVronsiton guuncl'(of\: 3 Q x = O\

= S(A,&3=B / S(A'k\:A

b

A

6 = S(s,=cC , S(pb)=0
C

D

= $(c, =0, (g b = C
= §(o,a)= U, S(D,Q=D
’+' S“o‘r‘\- 5\-0\-\-3'. .;\0: A

5. Set of Q-fno.l states F-= %\)\g



L4 03 (Conh'nu e.J) @

DF A xo(‘ \_7_ '

N N ab
__)85 b e b @

1. Set og states: Q= {1, 1, _5}
2. Tnput alphabel S = § o, bl
2, Teansidion Sunchion: S QAx2—Q

b
=> g(i,m\=1 . 3(11 L\:L

111 2

21 L 3 = S('l,&\::l- p 3(1, B\=7J

302 3 o s,a)-3 , S(3,b)=3
4, Stark state: qo= 1

5 Set ob Yinal stades: F= §33

Usin‘a sool'ﬂo"e on Pase, 4(} Yo cons#uc‘)‘ DFA 'pof‘ L ust'na L, omJ L:L
= 1 Set of states: Q= 1A, 1B, 1C, 1D 2A, 1B, AC, 2D, 34, 3B, 3C, DY -
2. I"P‘d’ ﬁl[’hklﬂ“" z = {o\/ L}

2, Transikion Sunchion: For each (e, 01 €@ and each aeZ J S((ruﬁ)/"b : (Sl(f‘u&) S, ( ))
/Sy a

TS (A, o) (g, SulA) $((2,0), )= (§,(2,0), S.(c, )
= (1,8)

= (1,m)
S ((,A), 0= (5,(1,8), S.(A, &) $(0), V) = (5,01, 1), 5.(c, 1))
= (2, A) = (2,0)

- (1,9 = (1,0

S0, )= (8,(1,1), $,.(o,1)
= (2,p)

S8, D= (5,(2,5), 56,

;

|

\l

)

|

| s (110\/ w) = (S (3,0, S;.(D,o\))
S((1,m),a)= (S,(i,m\, 5:.(&,053 & ( |

f

|

|

’\
= (a,8) }



140 (continned)

Enumo_mll'ns ol Po:sil‘:(llifes \,ielés Yhe go”owﬁna Jransition +0J>,e'.

N BN S
T
1A AR 2A

18| 4C 28
AC| 1D s
1D| 10 D
LA | B 2A
B | 2C 3B
ac | 2D 3C

20| 2D 3D
1A 28 A
3B| 3C £36)
3C| 2D C
3| 29 1D

4. Short shate: q.-= giA}b

S, Set °£ Final states. F = E%D}

=> ©OFA Sor L




L4 <) L= % Wl w has an even number of a’s and one or Ywo B’s%
= \_l’-‘ { W\ w has an even number ot O\’Sg

= L= {wl W has one or 4we l:’sg

DFA for L;:
b

)
N o 0
@.e
o\
. Sebof shdes: Q= §1 23

2. Infvd' on\mLe_‘\". i'—‘ { N \:}
2, Transihion banchont 87 QxZ - Q

n b
112 4 =55 g(i,m\:l ) 3(1)5‘):1

212 2 = $(aa)=1 , &, b)=2

§ Start stale: 9o = 1

. Seb of final shades: ¥ = {a}



4 c} (cnwh'nued)

DFA Qor Lg_'.

o o (i\ O\,L
ks b b
OO
- Seb ol shdes: Q= (A, n,¢, 3
Infwl* mlpht\l:e,‘}': 2= {&, bg

Transihan Sonckion) N Bx<T - Q
b

> dA)= A, S(A)-R
= ea)=B , S(B,b)-cC
= §(g,a)=C , §(¢,):=D
= $o,=D,

On@)

g(\), \>)= D
S'}o‘r} H‘o&e: qo = A

. Set of Tinal shades: F= {B, Cz



L4 <) (Com\fnue_J)

DFA Qor L U\SI'/)% Ll (MJ La..‘ (o‘ff‘lyfna -too',no;e on P3 ’-}G)
| Set of slades: Q= { 1A, 1B, AC, 1D, 2A, 2B, 2C, Q’Dg
€. Infw" mlp‘mLe‘l-'. 1= {0\/ L?

2, Transikion funclion: For each (1, ,f‘v.\GQ and each *CZ, S((r‘,,l\), 0‘\: (Sl("u‘of $2 (fz,":))

SR, »)= (81,0, S(a) S, )= (52,0, 8ulae))
= (2, A) | = (1, A)
|

SCCa, A, 8= (8,04, 8(A, W) | S ((u,m), ¥) = ($,(1,b), S.(A D)
= (a,8) | = (%, B)
]
$((1,8), &)= (8,(2,0), 8u(8,0)) (), ) = (5, (2, ) S, (s, )
= (—J‘l B) | = (1} 6)
| |
$ (2,8, )= (5,(1,1), $u(5, L)) sl (810, S, 0)
= (’_L) C) ) = <11 C)
J
§ (01,0 &)= (8,(0,0), $u(E,) S0, &) = (5,03, $u(c, o)
= (l/ C) {' = (-1) C‘)
$((1,0),4) = (§;(1,1), Sulc, Y | $((2,0,) = (82,1, $.(c, )
= (2,9) \ = (2, D)
)
g((l,D\/ o\\ z (S,(i, 0\\, SL(DIO\)) \' 8((1,0\,o~\)= (gl(lia)’ S;,(D,a))
= (Q/D) E = (1, D)
S ((1,0),5)= ( (1,1, $.(0, 1)) ; $((,0), 8)= (5,(2,0), S,(0, 1))

= (1, D) j = (2, D)



14 c\ (c.on-linuaD

Tf‘omsih'on Table for DFA of L

o b
‘\—'\
1A | 2A  ap
AR R 4C
aCc (ac 1D
1D | aD

A 1A LB
W |13 2 C
W |AC 1LY

aD |AD D

F. Stard stode; Qo= 1A

S, Sed of Q\'nm\ stodes: [F= EiB, 'lC%

=  DFA Sor L= E w \ W has an even pumber ol o/s and one or dwo b's}




.4 e_} L= %w\ w s\o\rjrs with an o and Las al Mohl one Lg @




\~4¥> L- { W l W hos an odd number of os  and ends with o B} @

= \_\: { W\ w has an odd pumber of 0\/5%

= Lt w | wends with o b3

DFA QM‘ Ll"
b b
o
_©
| Set of states: Qz{i/ 1_3
L Tapud alphabet: 2:{0\)53
3, Vransition '?umcl(on'. S: O\XZ‘*Q
e b
1 a2 o S, dam-1
201 2 fa1 , Sl =2
4. Start Stater qe= 1
5. Set of Final States: F={12} .
DFA ¥°l“ L'L" g b b
WG

\. Set og S’ro&eS‘. Q‘=€A, B)}
2. Tnput alphabet: T={ob3
3. Transibon Funchon: X QXL >Q

o b
A \A e = S(AN=A , §(Ab)=B

BIA B o §(gad:=A, §(8L)=08

I}, Start shete: qo-A

C Set o} Final States: F= {83



DFA for L using L) ond L,

| Seb of shdess Q= 14,18, 24, 28}

B iwpvx\' ox\plnmloe*'-: 2 = { o, \D&

(O‘PP|5’"'13 'coc"’no+e on P3 l-].@)

3. Transition wa\c\'\'on: For each (P"FQC-Q ‘MJ em\q O\GZ/ 8((“\;“1)/ OA = (S.(P,)QJI 'gz. (l"x) 0))

\

(M, )= (82,0, $.(A0)) |

\

= (%, A) ‘

8((1,/\\, b) = '(&(1,\3, SL(A,L\B |
= (1,8)

g (('l,(‘ﬂ, ob: (3\(1,03, S,_(P;,Ox\)
= (3, A)

S((,0),0) = (8,40, S(sy) |
= (1, ®) i

Transition Table for L:

o b
1A |2A 1D
48 |RA AR
2A |1A 2B
281124 1B

4, Stark state: Qo= 1A
S, Set of Final Shates: - {7—‘5\)3

§(a,R),0) = (§,(2,0), §u(a,a)
= (4,A)

SCA), L) = (500,10, Sula,b))
= (2,8)

S((a,m),0) = (8,(2,2), $(5,)
= (1,A)

S8y, b) = (§,(2,1), S(8,1)
= (3,8)




LY C:D L= %w \ w has even |en3“’1 and am odd number of m’sg

\.l"'% W ' w has eyen lewajrk}

L= %W \ w has an 0dd number op &/Sg

VEA Cor Lll'
o, b
&
o
DFEA for LL'v L N
(y &~ [
G0
DFA $or Lt
b
R




1S c3 \__-_ { w \ w contains neither the su\)»s-lr(na ab nor [:o\%

= L= {w \ w cortains either 4he sst-lru’nj ab or Lo\%

=> DFA for T_: 5

=Y DFA -Qor Ly Ac_ceP-x- %-\o\\_es W _l: become reje& shades in L

Reject stades i L become oaceept shafes in L




.5 d)

\_-,{ w\ w s any s\-n’na not in O\*L*%

S {W\ W is ony s%n’nj in 0\*\>*%
=> DFA L T
' b L
X, Q
C——@-

=> DFA $or L Acae‘a'\" shades in T_: be come, reje& shades in L

Refect shates in T_ become rej\ac} states - L

o b g




.5 e)
L-; { w \ W is any s-}rins not i (0\[>+)*)_)

=y T_'i {W \ W oIs any Slrm'na n (“Uye}

= DPFA Ror —['.

a, b

= DFA I:-or L Acce(f\‘ stales in I become t‘cj‘ed' states 1 L

ReSec\' stodes T_ become. Accera+ states i L

)



1.5 1)

L‘—{ W\ w is any S.%inj not in AT l):eg

—_:5—[: EW \ W is any s(-r[nj In oty L‘%

= D—\:A JGOF T'.

=> DFA e Lt Acceﬁ stodes (n—L become reject stafes 1n |

Reject states i L

become, accer{' shates L




15 9)

L= gw l W is any s%l’na that doesnt  contain e.me“y +wo 0\’5%

= —\_:: {W \ W is any s%ma that contains 3"“—“)’ two O’;/Sg

L o b
o~ A .
__9 a

= VFor L: Accep*-‘sl-o&es n L become rejex—l stades in L

Re&e_c“‘ SJrers in _l.: Lecome. o«cce‘ﬂ' s‘|'0\+eS in L

b b a, b

[
¥ o ([
(B)——@



G o)
L= {w \ w Leﬁ\'v\s with o L ynd ends with N O%

|G la) L‘-{ W | W contains b least +hree 1’53




.G d)

1Ge)

L= {w \ W has Iena‘nn ot least ond 1Fs $hied s\,mLol s o Og

\__-{ w l W starls with 0 anJ has oJJ ,ena’”’x, or starts w"'”'u 1 omJ has even ,en\?”tg

0,1



