MATH:6000, FALL 2018 — PROF. BLEHER

HOMEWORK SET 4

Please hand in problems (1) and (2) at the beginning of the lecture on Tuesday,
October 2. Problems (3) and (4) are good to know but you do not have to hand them in.

Problems: All rings are assumed to have a 1 and all modules are assumed to be unital.

(1)

Let R be a commutative ring with 1, let G be a finite group, and let RG be the
group ring of G over R. Recall that each element x € RG can be written uniquely
in the form z = deG’ Ag g with Ay € R for all g € G.

A class sum in RG is defined to be the sum of the elements in a conjugacy class
of G, ie. if K = {ki1,...,kn} is a conjugacy class in G, the corresponding class
sumis K = k1 + -+ k.

(a) Prove that the class sums in RG lie in the center of RG.

(b) Let Kq,...,K, be the distinct conjugacy classes of G, and let Kq,..., K, be
the corresponding class sums. Prove that an element a € RG lies in the center
of RG if and only if « = a1 K7 + as Ko + - - - 4+ a,. K, for some aq,...,a, € R.

(c) Prove that the center of RG is a free R-module on the set {Ky,..., K,}.
Let R be a commutative ring with 1, let I be an ideal of R, and let M and N be

R-modules. Show that M/IM and N/IN have a natural structure as R-modules
and as (R/I)-modules. Prove that

(M ®rN)/I(M®gN)=(M/IM)®g/;r (N/IN) as R-modules.
Recall that if X is an R-module, then
IX ={rm+ - +rpz, |n€Z ,r; € [,o; € X forall 1 <i < n}.

This exercise shows that free modules over non-commutative rings need not have a
unique rank.

For each i € Z™T, let M; be the free Z-module Z (of rank 1). Define M to be the
direct product M = [],c;+ M;, so each element of M can be written uniquely in
the form (ai,as,as,...) with a; € Z for all i € Z*. Let R be the endomorphism
ring of M, i.e. R = Endz(M). Define 1,93 € R by

@1((&1, az,as, .. )) = (al,ag,a5, . )
902((@1;@2’@37”')) - (a27a4)a6)"')

Prove that R is a free left R-module on the set {¢1,p2}. Use this to prove that
R = R? as left R-modules. Deduce that R =2 R" for all n € Z™.

Hint: Define two maps ¢1,1%2 € R by ¥1((a1,as2,...)) = (a1,0,a2,0,...) and

Ya((ar,az,...)) = (0,a1,0,az,...). Show that p;9); = 1, p19p2 = 0 = @oth1 and
P11 + Papa = 1 (where 1 denotes the identity endomorphism in R). Use this to
prove that 1, @9 are linearly independent over R and generate R as a left R-module.



(4) Let I = (2,z) be the ideal generated by 2 and z in the ring R = Z[z]. The ring
R/I = 7Z/27 is naturally an R-module on which both 2 and z act as zero.

(a) Show that there is an R-module homomorphism ¢ : [ ® g I — Z/27Z with

o(p(z) ® ¢(x)) = —=¢'(0) mod 2

for all p(x),q(z) € I, where ¢'(x) denotes the polynomial derivative of ¢(z).
Use this to show that 2®@ z # 2 ® 2 in I Qg 1.

(b) Show that there is a surjective R-module homomorphism v : I @z I — I? with
Y(p(z) ® q(z)) = p(x)q(x) for all p(x),q(x) € I. Use this to show that the
element 2®2+x®x in I ®g I is not a simple tensor, i.e. it cannot be written
as a(r) ® b(x) for some a(x),b(z) € I.
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