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Abstract.
The Basis Pursuit DeNoising problem is a variant of the well-known
lasso method for obtaining sparse least-squares approximations, which can be represented as the minimization problem minβ 21 kAβ − yk22 + λ kβk1 . In this paper the problem is treated as a parametric quadratic program with parameter λ ≥ 0.
By this technique, very large scale problems can be essentially solved exactly for a
range of values of λ, as long as the number of non-zero components of β is small
to modest.
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1. Introduction
The Basis Pursuit DeNoising (BPDN) problem is a convex optimization problem related
to the lasso [21] that can be used to identify the a sparse solution to a problem of representing given data. This problem generally has the form
min
β

1
2
kAβ − yk2 + λ kβk1 ,
2

(1)

with variants where there is a constraint on either kAβ − yk2 or kβk1 . This problem
is related to ideas involved in “compressed sensing” [6] and sparse representation or
approximation [4]. By contrast, the lasso is the problem
min kAβ − yk2
β

subject to kβk1 ≤ τ.

(2)

The lasso and BPDN problems are closely related in that β is a solution for (1) if and
only if it is a solution of (2) for an appropriate value of τ . The computational methods
described here complement the methods of Osborne, Presnell and Turlach [15] for the
lasso, which rely on a homotopy approach for the τ parameter. Related algorithms for
related problems can be found in [7,16].
Computationally, the challenge is with very large data sets where A is m × n with
mn so large that the explicit dense matrix A does not fit into main memory. For such large
problems, the matrix and its transpose are typically represented as functions x 7→ Ax
and z 7→ AT z respectively [1] as are used for large-scale numerical methods for solving
systems of equations, such as conjugate gradient methods, LSQR [18], GMRES [19],

QMR [11], etc. For small BPDN problems, standard quadratic programming (QP) methods [14, Chap. 16] can be used. For large problems, most researchers use projected gradient type or other 1st order methods [3,17]. These methods take a considerable number
of iterations, but the cost per iteration is relatively small. Some researchers try to reduce
the computational cost of these methods by reducing the number of variables via dual
optimization problems [8], which is known as “screening” the variables in β. Newton
methods can converge rapidly, at least in terms of the number of iterations, but the cost
of a single step can be prohibitive.
BPDN is an application of parametric quadratic programming [9] and has been extended and refined [2,13] with [10] dealing with degeneracy issues in the context of ℓ1
terms. This paper, however, provides a complete and efficient algorithm for BPDN problems provided the active set I := { i | βi 6= 0 } is of modest size, |I| ∼ 103 , say, on
current architectures. This algorithm is an active set algorithm and uses a homotopy in
λ. Note that this active set refers to the variables that are active rather than to active constraints. The algorithm is exact, and not iterative, giving the solution as a piecewise linear function of λ ∈ [λmin , ∞). Moreover, each step involves multiplication by A (once)
and multiplication by AT (once), and the solution of a single symmetric positive definite
|I| × |I| linear system, plus an additional O(|I| + m + n) floating point operations.
Experimental results suggest that the number of steps is close to |I|, at least where |I|
3
is modest. The linear system solve has a cost of O(|I| ) if done independently, but QR
or Cholesky updating and downdating [12] can reduce the cost per step for solving the
2
3
linear system to O(|I| ). This indicates an overall cost of O(|I| + |I| (m + n)) floating point operations plus the cost of O(|I|) matrix–vector multiplications. That is, the
algorithm presented can efficiently handle some quite large BPDN problems.
Another way of viewing the computational complexity of the algorithm is to look
at the number of “passes” that are needed over a given data set. Every multiplication
by A or AT is essentially a pass over the data, and so it is the number of matrix-vector
multiplications that is to be minimized. Thus the cost of the algorithm is O(|I|) passes
over the data.

2. Algorithm for BPDN
The homotopy active set algorithm presented in this paper tracks I = { i | βi 6= 0 },
λ > 0 and β which minimize (1). Note that for each i ∈ I,
(AT (Aβ − y))i + λsign βi = 0.
For an interval in which the si = signβi does not change as we change λ, we get a system
of equations
ATI AI β I = (AT y)I − λsI

(3)

where AI is the matrix formed by the columns A•i for i ∈ I, and uI consists of the
components ui where i ∈ I for any vector u. Provided the columns A•i for i ∈ I are
linearly independent, ATI AI is invertible and so β I is uniquely determined by (3). Furthermore, under these conditions β I (and thus β) is affine in λ. So under the assumption
that any set of k columns of A is linearly indpendent, β = β(λ) is a piecewise affine
function of λ.

The task then is to find the “break-points” of β(λ). We can start with λ large and positive; if λ ≥ AT y ∞ then β(λ) = 0. The first break-point is then at λ0 = AT y ∞ .
At this point, the active set changes: for the i where (AT y)i = AT y ∞ , we add i to
I as λ is reduced below λ0 .
As λ is reduced further and crosses more break-points, indexes are added to I or
removed from I with each break-point. For example, if i ∈ I for λk+1 < λ < λk ,
and the affine function βi (λ) → 0 as λ ↓ λk+1 we remove i from I. If j 6∈ I for
λk+1 < λ < λk and (AT (Aβ(λk+1 ) − y))j = λk+1 then we add j to I.
At each stage there is the possibility that at a break-point there is more than one
candidate i to remove from I or more than one candidate j to remove from I, or both
possibilities occur at a particular break-point. In such cases, the question of which i to add
or j to remove can be resolved through a degeneracy resolution procedure. This can be
done using a formal expansion replacing AT y by AT y+ǫζ 1 +ǫ2 ζ 2 +· · · and considering
the perturbed problem as ǫ ↓ 0 with suitable (usually random) choices for ζ 1 , ζ 2 , . . ..
These ζ k vectors are only generated when needed. With a random choice of ζ 1 , the
probability that the tie is not broken is zero. In the rare case that the tie is not broken
by this choice, we need to generate ζ 2 and the probability that this then does not break
the tie is again zero. Once ζ 1 vector is generated, it must be stored to ensure consistency
with later steps. This approach to degeneracy resolution has been used in other problems,
such as linear programming. The perturbation approach to handling degeneracy in linear
programming is due to Charnes [5].
The full algorithm is shown in [20].
3. Numerical results
The algorithm was implemented in MatlabT M in two forms; one taking A as an explicit
matrix, and another which accepts functions representing x 7→ Ax and w 7→ AT w.
This latter form is particularly useful for large-scale problems as memory is needed for
neither A nor AT .
3.1. Random matrices
There are artificially generated problems in which the matrix A is a pseudo-randomly
generated matrix; if the underlying pseudo-random number generator produced independent random values, the entries of the m × n matrix A would be independent and unib ∈ Rn
formly distributed according to the standard normal distribution. A sparse vector x
is also generated as follows: for a given value of r the set S = { i | x
bi 6= 0 } is first generated pseudo-randomly from the set of subsets of {1, 2, . . . , n} of size r, and the entries
x
bi , i ∈ S set to independent normally distributed values with the standard mean (zero)
and variance (one). The vector y = Ab
x + ǫ where the entries ǫi are independently and
normally distributed values with mean zero and variance σ 2 .
The above algorithm was applied and stopped when |Ik | = r. The resulting sets
b
computed. The value σ =
Ik were then compared with I, and the norm β k − x
∞

1 × 10−2 for the test results shown in Table 1. The actual number of iterations is 2k.
The MatlabT M profiler was used to identify where most of the time was spent in
these tests overall: about 77% of the time spent in or for the BPDN function was actually
spent on the matrix–vector multiplication functions z 7→ Az and z 7→ AT z.

n

k

|Ik ∆S|

b
βk − x

test #

m

1

100

300

10

2

0.0437

0.0418

2

100

300

10

3

0.0097

0.0198

3

100

300

10

1

0.0202

0.0199

4

100

300

10

0

0.0114

0.0177

5

100

300

10

4

0.3191

0.0313

6

300

100

10

0

0.0067

0.0172

7

300

100

10

0

0.0042

0.0172

8

300

100

10

1

0.0047

0.0199

9

300

100

10

0

0.0051

0.0188

10

300

100

10

0

0.0090

0.0170

11

1000

3000

50

1

0.0063

0.7212

12

1000

3000

50

0

0.0164

0.7261

13

1000

3000

50

0

0.0070

0.6874

14

1000

3000

50

2

0.0040

0.7237

15

1000

3000

50

1

0.0057

0.6931

16

3000

1000

50

1

0.0026

0.7099

17

3000

1000

50

1

0.0023

0.7321

18

3000

1000

50

0

0.0024

0.7118

19

3000

1000

50

2

0.0020

0.7317

20

3000 1000 50
2
0.0019
Table 1. Results for random matrix problems

∞

time (s)

0.7324

3.2. Identifying letters
Two problems were created based on the task of identifying letters against a noisy and
cluttered background. An image was created by the following steps: letters were chosen
at random and their bitmaps scaled and added to an empty image after translating by
random amounts in both x and y-coordinates. After N letters were added to the image in
this way, scaled independent pseudo-random Gaussian noise was added. The two tasks
are: (1) identify the locations of a given letter in the image, and (2) identify type and
location of up to M of the letters in the image. For the specific test, the image is 150×150
monochromatic pixels, and the letters are bold Helvetica (the “a” is 15×15 pixel bitmap)
generated from the Xfig drawing tool and exported as JPEG files, read into MatlabT M
via the function imread(). A total of 4 × 26 = 104 letters are selected at random
and translated by a random amount using uniform probability distributions chosen to
ensure that the entire letter remains within the image. However, letters can and do overlap
significantly. A typical example is shown in Figure 1.
The dimension of β for finding a single letter is essentially the number of translations that can be performed on a letter, which is close to 1502 = 22 500 for a
150 × 150 pixel image. For the task of identifying some letter from the image, the
dimension of β must be multiplied by the number of letters, giving a dimension of
≈ 26 × 1502 = 585 000. For locating a given letter, the matrix A is represented by
a function that forms a two-dimensional convolution of β with the bitmap of the letter
to locate. This convolution is computed via Fast Fourier Transforms (FFTs); the matrix
AT is represented by a similar function computed via FFTs. For locating and identify-

(a) Test image

(b) Boxed letters

(c) Identified letters

Figure 1. Identification of a given letter

(a) Test image

(b) Identified letters

Figure 2. Identification of 25 out of 100 letters in image

ing letters, P
β is formed by β (p) where p represents a letter. The matrix A is then given
26
by Aβ = p=1 A(p) β (p) where A(p) is the matrix representing convolution with the
bitmap for the pth letter.
The first task to identify the locations of a single given letter was used as a test
problem: eight positions are identified for a given letter. This is clearly more than the
number of occurrences of the letter in the image (which is four), but allows for misidentification of other letters. The mean time for this task for the letters in randomly generated 150 × 150 images was about 63ms in Matlab. As a method of letter identification
in cluttered environments, there are better methods than raw BPDN, but it does achieve
good accuracy where letters are not overlapping.
The last task was identification of 100 letters in similar 150 × 150 images; the time
taken to perform this over 10 images ranged from 11.97s to 12.15s with a mean time of
12.06s per image. Figure 2 shows a typical example of the performance of the method;
clearly there are difficulties in applying BPDN directly to this problem where multiple
letters overlap.

4. Conclusion
An exact method for solving the BPDN as a parametric quadratic program is given, that
includes resolution of degenerate linear constraints. This method is capable of handling

quite large problems since only small linear systems need to be solved, provided the data
2
matrix A in minβ 21 kAβ − yk2 +λ kβk1 and its transpose can be efficiently represented
by functions. This algorithm was applied to synthetic data and to the problem of identifying letters in a cluttered environment. While the algorithm performs reasonably well
on this task, it is far from being the best at this particular task. But it should be noted that
with an efficient implementation, it is possible to exactly solve BPDN problems with up
to ≈ 5 × 105 variables in less than 15 seconds in Matlab.
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