Fast and Slow Synthesis
Procedures in SMT

Andrew Reynolds
Dagstuhl Seminar on Higher-Order Logic
September 14, 2017
L
fim
THE UNIVERSITY
OF lowA



My Research in SM

Problem
Higher-Order V
Satisfiability
Function
Synthesis PBE
Invariant
Synthesis
First-Order V QBF BV | EPR Array int
Satisfiability Properties s
V-Free SAT QF BV Ints
Satisfiability
Propositional, Equality Datatypes,  Linear Non-linear  Strings+
Bit-vectors with UF, Arrays Sets Arithmetic  Arithmetic  Length
B Decidable My Research

Theories

Future Work



his

Problem

Higher-Order V
Satisfiability

Function

Synthesis

Invariant
Synthesis

First-Order V
Satisfiability

V-Free
Satisfiability

B Decidable This Talk

alk: Synthesis for (Interpreted) Theories
Array
QBF BV EPR Properties Ints
SAT QF BV Ints
Theories
Propositional, Equality Datatypes, Linear Non-linear Strings+ ...
Bit-vectors with UF, Arrays Sets Arithmetic Arithmetic Length



Synthesis

* SMT solvers act as subroutines for automated synthesis
* For program snippets, planning, digital circuits, programming by examples, ...

* More recently, SMT solvers act as stand-alone tools for synthesis
* Leveraging their support for first-order quantification

[Reynolds et al CAV2015]



Synthesis Conjectures
af. vYx.P (f,x )

There exists a function f for which property P holds for all X



RefutationBasedynthesis in SMT
—3af. VxX.P (f,x )

(negatedsynthesis conjecture)



RefutationBasedynthesis in SMT
—3af. VxX.P (f,x )
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SMT Solver SMT Solver
[ Counterexample-Guided ] or { Enumerative J
V-Instantiation SyGuS

| |
%f =Xt 4 % f =Axt ,

* Two approaches for refutation-based synthesis in SMT solvers [Reynolds et al CAV2015]



RefutationBasedynthesis in SMT
—3af. VxX.P (f,x )
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—> Based on enumerative search (via syntax-guided synthesis) [Alur et al 2013]




RefutationBasedynthesis in SMT
—3af. VxX.P (f,x )

| SMT Solver ! SMT Solver
: [ Counterexample-Guided ] : or { Enumerative J
: V-Instantiation : SyGuS

}
% f =Axt ,
—> Based on first-order quantifier instantiation in SMT

[Monniaux 2010,Bjorner2012,Komuravelliet al2014,Dutertre2 0 1 5 ...]
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RefutationBasedynthesis in SMT
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}
%f =Xt
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Fast




Fast Synthesis in SMT Solvers

* Some synthesis conjectures are essentially first-order:

—3f. vxy. f( X,y )2XAf( X,y )2y A(f( X,y )= Vv i Xy )=y)

“f( X,y ) isthe maximumofXx andy 0O



Fast Synthesis in SMT Solvers

—3f. VXy. f(C X,y )2XATC XY )2y A(fC XY ) =X VvIi( Xy )=Y)

Int xInt — Int

All occurrence of f are in terms of the form f( X,y )
= “single invocation” synthesis conjectures



Fast Synthesis in SMT Solvers

—3f. vxy. f( X,y )2XAf( X,y )2y A(f( x,y )=x vi( X,y )=y)

Int xInt — Int



Fast Synthesis in SMT Solvers

—3f. vxy. f( X,y )2XAf( X,y )2y A(f( x,y )=x vi( X,y )=y)

Int xInt — Int Anti-skolemize

—VXy . Jz. Z >XA Z 2yA( z =Xv zZ @ =y)

Int

[Reynolds et al CAV2015]



Fast Synthesis in SMT Solvers

—3f. vxy. f( X,y )2XAf( X,y )2y A(f( x,y )=x vi( X,y )=y)

Int xInt — Int

—VXy . 3z. Z 2XA Z 2yn( z =v z =)
Int " .
for each X,y, there exists a return value z
that is the maximum of X and y”

[Reynolds et al CAV2015]



Fast Synthesis in SMT Solvers

—3f. vxy. f( X,y )2XAf( X,y )2y A(f( x,y )=x vi( X,y )=y)

Int xInt — Int

—VXy . Jz. Z >XA Z 2yA( z =Xv zZ @ =y)

Int Simplify

Xy . Vz. —=( 22X AZ2Y A (Z=X v Z=Y))

[Reynolds et al CAV2015]



Fast Synthesis in SMT Solvers

Xy . Vz. —=( 22X AZ2Y A (Z=X v Z=Y))

First-order linear arithmetic = Solvable by first-order V-instantiation
[Reynolds et al CAV2015]



Fast Synthesis in SMT Solvers

—3f. vxy. f( X,y )2XAf( X,y )2y A(f( X,y )=x vi( Xy )=y)

LIA

SAT Solver

V-instantiation




Fast Synthesis in SMT Solvers

—3f. vxy.isMax (f( xy ), Xy )

LIA

SAT Solver

V-instantiation




Fast Synthesis in SMT Solvers

—3f. vxy.isMax (f( xy ), Xy )

Translate to first-order

Vz. —isMax (z,x,y )

LIA

V-instantiation

SAT Solver




Fast Synthesis in SMT Solvers

—3f. vxy.isMax (f( xy ), Xy )

Vz. —isMax (z,x,y )

Vz. —isMax (z,xy ) = —isMax (Xx,xy ) Instantiate Z—>Xx, z—Yy
Vz. —isMax (z,x,y ) = —=isMax (y,x,y )

LIA

V-instantiation




Fast Synthesis in SMT Solvers

—3f. vxy.isMax (f( xy ), Xy )

Vz. —isMax (z,x,y )
Vz. —isMax (z,x,y ) = —isMax (x,x,y )
Vz. —isMax (z,x,y ) = —isMax (y,x,y )

LIA

V-instantiation

— Solution for f can be constructed from
unsatisfiable core of instantiations



Fast Synthesis in SMT Solvers

—3f. vxy.isMax (f( xy ), Xy )

Vz. —isMax (z,x,y )
Vz. —isMax (z,x,y ) = —isMax (x,x,y )
Vz. —isMax (z,x,y ) = —isMax (y,x,y )

LIA

V-instantiation

% Xy .?



Fast Synthesis in SMT Solvers

—3f. vxy.isMax (f( xy ), Xy )

Vz. —isMax (z,x,y )
Vz. —isMax (z,x,y ) = —isMax (x,x,y )
Vz. —isMax (z,x,y ) = —isMax (y,x,y )

LIA

V-instantiation

% Axy.ite  (isMax (x,x,y ), X,?)



Fast Synthesis in SMT Solvers

—3f. vxy.isMax (f( xy ), Xy )

Vz. —isMax (z,x,y )
Vz. —isMax (z,x,y ) = —isMax (x,x,y )
Vz. —isMax (z,x,y ) = —isMax (y,x,y )

LIA

V-instantiation

% Axy.te  (isMax (xX,x,y ), X, VY)



Fast Synthesis in SMT Solvers

—3f. vxy.isMax (f( xy ), Xy )

Vz. —isMax (z,x,y )
Vz. —isMax (z,x,y ) = —isMax (x,x,y )
Vz. —isMax (z,x,y ) = —isMax (y,x,y )

LIA

V-instantiation

% Axy.te  (( X2X AX2Y A (X=X v XTY)), XY ) — Expand



Fast Synthesis in SMT Solvers

—3f. vxy.isMax (f( xy ), Xy )

Vz. —isMax (z,x,y )
Vz. —isMax (z,x,y ) = —isMax (x,x,y )
Vz. —isMax (z,x,y ) = —isMax (y,x,y )

LIA

V-instantiation

% AXxy.te  (x2y,xXy ) = Simplify



Fast Synthesis in SMT Solvers

—3f. vxy.isMax (f( xy ), Xy )

Vz. —isMax (z,x,y )
Vz. —isMax (z,x,y ) = —isMax (x,x,y )
Vz. —isMax (z,x,y ) = —isMax (y,x,y )

LIA

V-instantiation

% Axy.te (XY, Xy ) } Desired function



Fast Synthesis in SMT Solvers

—3f. vxy.isMax (f( xy ), Xy )

Vz. —isMax (z,x,y )
Vz. —isMax (z,x,y ) = —isMax (x,x,y ) How did we choose
Vz. —isMax (z,x,y ) = —isMax (y,xy ) these instances?

LIA

V-instantiation




Fast Synthesis in SMT Solvers

—3f. vxy.isMax (f( xy ), Xy )

A

Vz. —isMax (z,x,y )
Vz. —isMax (z,x,y ) = —isMax (x,X,y ) How did we choose
Vz. —isMax (z,x,y ) = —isMax (y,X,y ) these instances?

LIA

V-instantiation

= Use counterexample-guided quantifier instantiation (CEGQJ)
Variants used in [Monniaux2010,Komuravelliet al 2014, Reynolds et al 2019)utertre 2015,
Bjorner/ Janota2016,Fedyukovichet al 2016 ,Preineret al 2017]



Counterexample-Guided V-Instantiation

Quantifier Elimination Procedures
(=)’
Instantiation-Based procedures for 3V formulas

=

Synthesis procedures for single-invocation properties



Counterexample-Guided V-Instantiation

e SMT+V linear arithmetic [Monniaux2010,Reynoldset al 2015 Dutertre 2015,Bjorner/ Janota2016]

e Based on maximal lower (minimal upper) bounds
Analogous to [Loos+Wiespfennin@3]

* Based on interior point method:
Analogous to [Ferrante+Rackoff 9

* Forintegers: based on maximal lower (minimal upper) bounds (+C)
Analogous to [Cooper72]

« SMT + V BV, QBF, V finite domains [Wintersteigeret al 2013 Rabeet al 2016 Preineret al 2017]
* Based on model value, SyGusS, others?

 SMT + V Strings, V sets, V floating points, V datatypes

e to be determined?

Finite instantiation strategy <> soundand completesynthesis procedure for s.i.



CEGQI : Quality of Solutions

* Users of synthesis tools also care about quality of solutions
 CEGQI produced the intended solution for:

af. vxy. f( X,y )2X A X,y )2y A(F( Xy )=x vIi( X,y )=y)

v

AXy.te  (X2y,xy )



CEGQI : Quality of Solutions

* Users of synthesis tools also care about quality of solutions
 CEGQI produced the intended solution for:

af. vxy. f( X,y )2X A X,y )2y A(F( Xy )=x vIi( X,y )=y)

v

AXy.te  (X2y,xy )
* ...but will not produce the intended solution for:

af. VX.(Xx= 1=f(X)= 0) A(Xx= 2=f(X )=1) A(x= 3=f(x )= 2)

AXX -1



CEGQI : Quality of Solutions

* Users of synthesis tools also care about quality of solutions
 CEGQI produced the intended solution for:

af. vxy. f( X,y )2X A X,y )2y A(F( Xy )=x vIi( X,y )=y)

v

AXy.te  (X2y,xy )
* ...but will not produce the intended solution for:

af. VX.(Xx= 1=f(X)= 0) A(Xx= 2=f(X )=1) A(x= 3=f(x )= 2)

v

Ax.ite  (x=1,0,x=2,1,2)

—This kind of solution is not useful for invariant synthesis and programming-by-examples



RefutationBasedynthesis in SMT
—3af. VxX.P (f,x )
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SMT Solver

Counterexample-Guided
V-Instantiation

}
%f =Xt

Fast (andY Complete)




RefutationBasedynthesis in SMT
—3af. VxX.P (f,x )
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SMT Solver

Counterexample-Guided
V-Instantiation

}
%f =Xt

\ }
|
Fast (and Complete)
...but restricted to single invocation properties,
and produces non-optimal solutions




RefutationBasedynthesis in SMT

—3af. VxX.P (f,x )
\\

I
SMT Solver

|
% f =Axt ,

\ )

v
Slow
...but applicable to any property,
produces optimal (smallest) solutions



Slow Synthesis in SMT Solvers

Conjecture X yntactic
1 . .
J " Restrictions R
1+1 fint = x| O] 1| +(fInt,fint ) |
S wxP (fx ) Test x+1 Enumerate ite ( fBool,fint,fint )
: : , | X+X fBool := >(flInt,fint ) | =(fInt,fInt ) |
i te (x>0,0,1) —( fBool )

* |dea: enumerate terms generated by the grammar
* Approach used by number of synthesis solvers [SolarLezama2013,Udupa et al 2013]



Slow Synthesis in SMT Solvers

Conjecture Syntactic Restrictions

fint = x| y| 0] 1| +(fInt,fInt ) |
ite (fBool,fInt,fInt )

3. Wxy. f( Xy )2x Af( xy ) =f( y,x ) fBool := >(fintfint )| =(fintfint )



Slow Synthesis in SMT Solvers

Inductive Datatype
Conjectu re _Sy'n‘t'a‘C‘Hf‘RE'S‘EH'EHG-HS—

fint =x]|vy| 0] 1| +(fInt,fInt ) |
ite ( fBool,fInt,fInt )

3t Wxy. f( Xy ) 2x Af( xy )= y,x ) Bool := >(fintfint )| =(fintfint )

View syntactic restrictions as an inductive datatypes



Slow Synthesis in SMT Solvers

Conjecture Inductive Datatype

fint =x]|vy| 0] 1| +(fInt,fInt ) |
ite ( fBool,fInt,fInt )

3f. wxy. f( Xy ) 2xX Af( Xy )=f( y,x ) Bool := >(fintfint )| =(fintfint )



Slow Synthesis in SMT Solvers

Conjecture Inductive Datatype

fint =x]|vy| 0] 1| +(fInt,fInt ) |
ite ( fBool,fInt,fInt )

3. vxy. (XY )2XAT(xy )=1(y.Xx ) Bool := >(fintfint )| =(fintfnt )

Int xInt — Int
Encode using deep embedding involving fInt

ad. vxy. E(d,x,y )>x AE(d,x,y )=E( d,y,x )

fint



Slow Synthesis in SMT Solvers

Conjecture Inductive Datatype

fint =x]|vy| 0] 1| +(fInt,fInt ) |
ite ( fBool,fInt,fInt )

3f. wxy. f( Xy ) 2xX Af( Xy )=f( y,x ) Bool := >(fintfint )| =(fintfint )

dd. vxy. E(d,x,y )>x AE(d,x,y )=E(d,y,x )

E: | xInt xInt — Int

« E(d,X,y ) evaluatesd for arguments X,y, e.g. E(+( X, y),2,3)=5



Slow Synthesis in SMT Solvers

fint := x| y| O] 1| +(fintfint ) |

|

|

|

' 3d. vxy. E(dx, > E(dx, =E( dy, ite ( fBool,fInt,fInt )

: - Eldxy )xaB(dxy )=E(dyx ) Bool := >(fintfint )| =(fintfint )
|

= Solvable by combination of datatypes, LIA, UF, and V-instantiation



Enumerative Syntax-Guided Synthesis

Conjecture Inductive Datatype
fint := 0| 1| +(fIntfInt
3d. Wxy. E(dxy )>X AE(dxy )=E( dy.x ) " Ttéy(LBoc')l’ﬂr']t,ﬂ(m” i ) |

fBool = Z=( fInt,fInt ) | =(fInt,fint )



Enumerative Syntax-Guided Synthesis

Conjecture Inductive Datatype
fint := 0| 1| +(fIntfInt
3d. Wxy. E(dxy )>X AE(dxy )=E( dy.x ) " Ttéy(LBoc')l’ﬂr']t’ﬂ(m” i ) |

fBool = Z=( fInt,fInt ) | =(fInt,fint )

* Solver generates a stream of candidate models:

e dM = x
edM =y

»dM o= +(ly)
«dM = +(0,x)
»d¥ o= (Y1)

« é



Enumerative Syntax-Guided Synthesis

Conjecture Inductive Datatype
fint := 0| 1| +(fIntfInt
3d. Wxy. E(dxy )>X AE(dxy )=E( dy.x ) " Ttéy(LBoc')l,ﬂr'mﬂ(m” i ) |

fBool = Z=( fInt,fInt ) | =(fInt,fint )

* Solver generates a stream of candidate models:

«dM = X
edM = vy
cdM o= (L)
«dM = +(0,x)
»d¥ o= (Y1)

Optimization: Only consider terms dM whose analog
is unique up to theory-specific simplification I



Enumerative Syntax-Guided Synthesis

Conjecture Inductive Datatype
fint := 0| 1| +(fIntfInt
3d. Wxy. E(dxy )>X AE(dxy )=E( dy.x ) " Ttéy(LBoc')l’ﬂr']t,ﬂ(m” i ) |

fBool = Z=( fInt,fInt ) | =(fInt,fint )

« Solver generates a stream of candidate models, normalizes values < :

e dM = X X =l x
e dM = y y =l vy
«dV = +(1y) 1+y =0 y+l
«dv = +(0,X) O+x =4 X

e dM = +(y,1) y+1 =0 y+l



Enumerative Syntax-Guided Synthesis

Conjecture Inductive Datatype

fint =x]y| 0] 1| +(fint,fInt ) |
ite ( fBool,fInt,fInt )
fBool = Z=( fInt,fInt ) | =(fInt,fint )

ad. vxy. E(d,x,y )=>x AE(d,x,y )=E( d,y,x )

« Solver generates a stream of candidate models, normalizes values < :

e dM = X X =v X
edM = vy y =v Y
e dM = +(1,y) 1+y =v y+1
o« dM  ="—HOp0—— .. 0+X =¥ X

M — )
° d - \JY:1+7J

y+1 = y+1

—

Avoid candidate solutions not unique up to theory normalization



Fast and Slow Synthesis Procedures in SMT
—3af. VxX.P (f,x )
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SMT Solver SMT Solver
[ Counterexample-Guided ] or { Enumerative J
V-Instantiation SyGuS
Fast, Slow,

Complete for (in)Feasibility

Restricted to Singlénv Properties,

Non-optimal Solutions

Cannot show infeasibility
Applies to all Secon®rder Conjectures,
Optimal (Shortest)Solutions




Shorter Solutions via Proof Compression

HeE

X>YyAX + 1>y  X+g >3Ax+y+1>3
é é
é é

v

f =Axite x>y Ax+1l>yt ;t )

When using counterexample-guided instantiation



Shorter Solutions via Proof Compression

Ipde e

X>YyAX + 1>y  X+g >3Ax+y+1>3
& & X>y € Xt+y>3
. 6 _simoiiy . JMIKC ¢
1 i
’ :
f =Axite x>y Ax+1l>yt ;t ) f =Ax.ite (x>y t ;,t )

What proof techniques are relevant for solution minimization?



What if conjecture is Partially Single Invocation?

dl. vxx0 . ( pr e£fl(xX) AIX) AT(xx 0) P21 ( x 6AI(X) =post(x))

* Can single invocation techniques be leveraged
beyond single-invocation conjectures?



What if conjecture is Partially Single Invocation?

al. vxxo6 . ( pr e£I(xX)) A((IX) AT(x,x 0) 2l ( x OAIK) =post(x))

E.g. invariant synthesis problem for | w.rtpre, T, post



What if conjecture is Partially Single Invocation?

dl. vxx0 . ( pr e£fl(xX) AIX) AT(xx 0) P21 ( x 6AI(X) =post(x))

Partition into...
dl. ¥x.(pre(x) =I(xX) )A(I(X) =post(x)) dl. Vxx0 . I(x) AT(xx 0) ¥l ( x 0)

Single-invocation portion Non-single-invocation portion



What if conjecture is Partially Single Invocation?

dl. vxx0 . ( pr e£fl(xX) AIX) AT(xx 0) P21 ( x 6AI(X) =post(x))

— T

31 wx.(pre(x)  =I(x)) A(X) =post(x)) 3. vxx6 . (| (WR(Xx 6) 3l ( x0)
:

SMT Solver

Counterexample
Guided

V-Instantiation

l
% wx.ite  ((pre(x )=T) A(T=>post(x )), T, L)




What if conjecture is Partially Single Invocation?

dl. vxx0 . ( pr e£fl(xX) AIX) AT(xx 0) P21 ( x 6AI(X) =post(x))

— T

31 wx.(pre(x)  =I(x)) A(X) =post(x)) 3. vxx6 . (| (WR(Xx 6) 3l ( x0)
:

SMT Solver

Counterexample
Guided

V-Instantiation

}
% AX.post  (X)




What if conjecture is Partially Single Invocation?

dl. vxx0 . ( pr e£fl(xX) AIX) AT(xx 0) P21 ( x 6AI(X) =post(x))

31 vx.(pre(x) =I(x) A((X) =post(x)) 3. vxx6 . (| (WR(Xx 6) 3l ( x0)

SMT Solver

Counterexample
Guided

V-Instantiation

Candidate invariant

—> check against non-single
% AX.post  (X) invocation portion



What if conjecture is Partially Single Invocation?

dl. vxx0 . ( pr e£fl(xX) AIX) AT(xx 0) P21 ( x 6AI(X) =post(x))

al. vx.(pre(x) =I(X)) A(l(X) =post(x)) ASO dl. vxxo . (I AWK(xx 6) »l ( X 0)
AX.post (x) solution?
SMT Solver
Counterexample thaD
{ Guided J No Refine: Yes
V-Instantiation
AX.post  (X)

—>Related to property-directed reachability (PDR) [Bradley 2011]



What if conjecture is Partially Single Invocation?

al. vxxo6 . ( pr e£I(xX)) A((IX) AT(x,x 0) 2l ( x OAIK) =post(x))

. vx.(pre(x) =I(x)) A(KX) =post(x)) AS 6 Al Vxxd . (1 (K(xx 6) Pl ( x6)
SMT Solver
TR ETE How can we combine first-order
{ Guided } and second-order techniques for
V-Instantiation function synthesis?




What if conjecture is Partially Single Invocation?

af . Vxx0 . ( x=fX)=2) Af(f(x))=x

af . VX.(x=0 =f(x)=2) af . vx.t (f(x))=x
SMT Solver
TR ETE How can we combine first-order
Guided and second-order techniques for
V-Instantiation function synthesis?




What if conjecture is Partially Single Invocation?

af . Vxx0 . ( x=fX)=2) Af(f(x))=x

—

af . VX.(x=0 =f(x)=2) af . vx.f (f(x))=x
!

SMT Solver

Counterexample
Guided

V-Instantiation

!
% AX.2



What if conjecture is Partially Single Invocation?

3f . VxxO .

( x=i)=2)

AF(f(X))=x

—

af . VX.(x=0 =f(x)=2)

!

AS O

SMT Solver

|

Counterexample
Guided
V-Instantiation

-
—_—’

..whatS @

No

af . vx.f (f(x))=x
l

AX.2 solution?
A

, Yes

- AX.2



What if conjecture is Partially Single Invocation?

af . Vxx0 . ( x=fX)=2) Af(f(x))=x

—

3f . vX.(x=0 =f(x)=2) ASO6<«_? af . vx.f (f(x))=x
| N\ |
ion?
SMT Solver SMT SOlver AX.2 solution:
Counterexample Enumerative ,_%A
Guided SYGUS , Yes
V-Instantiation e

-7 AX.2

-
—_——




Synthesis for Higher-Order Theorem Proving?

v, 3X. _IP( f,X ) } (negated synthesis conjecture)

SMT/Synthesis

'
%f =Xt




Synthesis for Higher-Order Theorem Proving?

IX.

Vi P (F 1,X)
e

vi P (f ., X)
—-C

HO-SMT Solver

SMT/Synthesis

eE

(free function symbols)

(multiple higher-order
axioms)

(negated conjecture)

Relation to higher-order
theorem proving
modulo theories?
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SMT Solver SMT Solver
[ Counterexample-Guided ] or [ Enumerative ]
V-Instantiation SyGuS
Fast, Slow

Complete for (in)Feasibility
Non-optimal Solutions

* Proof compression techniques?

Restricted to Singlénv Properties

e Useful for partially single-inv properties?

* Better navigation of the enumerative space?

Cannot show infeasibility

* Generalize pruning of enumerative space?

Optimal (Shortest) Solutions,
Applies to all Secondrder Conjectures




