5.5: Solve 2%y —x(2+z)y' + (2+2%)y =0

p(x) = —% = —2+2_ Thus 2o = 0 is a singular value.
q(z) = 2?;5”2 also implies zp = 0 is a singular value.
zp(x) = —(2+ x) and z%q(z) = 2 + 2. Thus 2o = 0 is a regular singular value.

Suppose y = > o, a,z"T" is a solution. WLOG assume ag # 0 (otherwise one can reindex the
summation).

Then y’' =07 j(n+r)apz™™tand y’ = >0 j(n+r)(n+ 71— 1)a,z" "2
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= [r(r —1) —2r +2Jagz” + [(1 +7r)r — 2(1 +r) + 2]arz" ! — ragz™*
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= [r? = 3r + 2Japz” + ([r? — r]ag — rag)z" !

+32 o ([n* +2rn+ 1% = 3n = 3r + 2)a, — (n+7 —1)ay—1 + an_2)z" ™ =0



Set all coefficients = 0:

Since ag # 0, 72 —3r +2 = (r — 2)(r — 1) = 0 implies r = 1,2.
r?2 —3r + 2 = 0 is the indicial equation

(2

r® —rlay = rap implies (r — 1)a; = ag. Thus if r = 1, ag = 0, a contradiction. If r =2, a3 = ag

[n?+2rn+7r?—3n—3r+2]a, — (n+r—1)a,_1+an,_2 = [P*+2rn—3nla, — (n+r—1)a,_1+an,_2 =0
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